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M-theory is the underlying theory of five different string theories and 11D supergravity
theory. While strings (1+1D) are fundamental objects in string theory, M2-branes (1+2D)
are fundamental objects in M-theory. According to the Gauge/Gravity duality, a gravity
theory is equivalent to a gauge theory. Extended (N ≥ 4) superconformal Chern-Simons-
matter (CSM) theories in 3D are natural candidates of the dual gauge theories of multi
M2-branes.
In the last two years, the N = 4, 5, 6 CSM theories were constructed by using ordinary
Lie 2-algebras, and the N = 8 theory was constructed by using 3-algebra. However,
it remains unclear whether these theories can be constructed in a unified 3-algebra
approach or not. It is also natural to ask whether there are new examples of the extended
superconformal CSM theories.
In this thesis, we propose to solve these two problems. We define a 3-algebra with
structure constants being symmetric in the first two indices. We also introduce an
invariant antisymmetric tensor into this 3-algebra and call it a symplectic 3-algebra. The
D = 3,N = 4, 5, 6, 8 CSM theories are constructed in terms of this unified 3-algebraic
structure, and some new examples of the N = 4 quiver gauge theories are derived as
well. In particular, in order to realize the 3-algebra used to construct the N = 4 quiver
gauge theories, we ‘fuse’ two simple super Lie algebras into a single new super Lie algebra,
by requiring that the even parts of these two simple super Lie algebras share one simple
factor. We demonstrate how to construct this class of new super Lie algebras by presenting
an explicit example. Finally, a quantization scheme for the 3-brackets is proposed.
To Jing Bian.
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CHAPTER 1
INTRODUCTION
String theory is a plausible candidate for unifying quantum gravity and elementary
particle forces. There are five different string theories. All known string theories and
11D supergravity theory arise as different limits of a single theory: M-theory. M2-branes
(1+2D) are important in that they are fundamental objects in M-theory. According to
the Gauge/Gravity duality in string theory, a non-Abelian gauge theory is equivalent
to a quantum gravity theory. In the last two years, extended (N ≥ 4)1 supersymmetric
Chern-Simons-matter (CSM) theories in 3D have attracted a lot of interest in the string/M
theory community, because they are natural candidates of the dual gauge theories of
multi M2-branes in M-theory. For example, in the next page we will see that M-theory
on AdS4 × S7/Zk (k > 2) is equivalent to an N = 6 superconformal CSM theory in 3D.
These two theories have the same amount of supersymmetries.
Less extended supersymmetric (N < 4) CSM theories with arbitrary gauge groups
were constructed and investigated long time ago [1]-[6]. (To our knowledge, their dual
gravity theories are still under construction.) And generic Chern-Simons gauge theories
with or without (massless) matter were demonstrated to be conformally invariant even
at the quantum level [7, 8, 9, 10, 11]. However, it was much more difficult until recently
to construct N ≥ 4 CSM theories, since only some special gauge groups are allowed in
these theories.
By virtue of the Nambu 3-algebra structure [12, 13], the maximally supersymmetric
N = 8 CSM theory with SO(4) gauge group was first constructed independently by
Bagger and Lambert [14] and by Gustavsson [15] (BLG). The BLG theory was conjectured
to be the dual gauge theory of two M2-branes [16, 17, 18, 19]. The Nambu 3-algebra,
equipped with a symmetric and positive-definite metric, has the limitation that it can only
1Here ‘N ’ stands for N copies of supersymmetries. In 3D, if N = 1, there are two independent
fermionic generators.
2generate an SO(4) gauge theory [20, 21], much too restrictive for a low-energy effective
description of M2-branes.
Very soon Aharony, Bergman, Jafferis and Maldacena (ABJM) observed [25] that an
N = 2 superconformal CSM theory, with gauge group U(N) × U(N), actually has an
SU(4) R-symmetry, hence an enhanced supersymmetry N = 6. The same theory was also
obtained by taking the infrared limit of a brane construction. In their formulation, the
Nambu 3-algebra structure did not play any role, though the ABJM theory with SU(2)×
SU(2) gauge group is equivalent to the BLG theory. Based on the brane construction,
ABJM conjectured that at level k their theory describes the low energy limit of N M2-
branes probing a C4/Zk singularity. In the special cases of k = 1, 2, the theory has the
maximal supersymmetries (N = 8) [25, 26, 27, 28]. In a large-N limit the ABJM theory is
then dual to M-theory on AdS4×S7/Zk [25]. The superspace formulation and a manifest
SU(4) R-symmetry formulation of the ABJM theory can be found in Ref. [29] and [30],
respectively.
In Ref. [31, 32], some extended superconformal gauge theories were constructed by
taking a conformal limit of D = 3 gauged supergravity theories. In this approach, the
embedding tensors play a crucial role. Gaiotto and Witten (GW) [33] have been able
to construct a large class of N = 4 CSM theories by a method that enhances N =
1 supersymmetry to N = 4. They also demonstrated that the gauge groups can be
classified by super Lie algebras. In Ref. [34], the GW theory was extended to include
additional twisted hypermultiplets; in particular, the extended GW theory with SO(4)
gauge group was demonstrated to be equivalent to the BLG theory. In Ref. [35], two
new theories, N = 5, Sp(2M) × O(N) and N = 6, Sp(2M) × O(2) CSM theories, were
constructed by further enhancing the R-symmetry to Sp(4) and SU(4), respectively, and
the N = 6, U(M) × U(N) CSM theory was rederived. The gravity duals of N = 5,
Sp(2M)×O(N) and N = 6, U(M)× U(N) theories were studied in Ref. [36]. By using
group representation theory and applying GW’s super-Lie-algebra method for classifying
gauge groups, the N = 1 to N = 8 CSM theories were constructed systematically in a
recent paper [37].
The progress mentioned in the last two paragraphs was made using mainly ordinary
Lie algebras. On the other hand, Bagger and Lambert (BL) have been able to construct
the N = 6, U(M)×U(N) theory in terms of a modified 3-algebra [38]. Unlike the Nambu
3-algebra with totally antisymmetric structure constants, the structure constants of the
3modified 3-algebra are antisymmetric only in the first two indices. By introducing an
invariant antisymmetric tensor into a 3-algebra, hence called a ‘symplectic 3-algebra’,
another class of N = 6 CSM theories, with gauge group Sp(2M) × O(2), has been
constructed in Ref. [39]. It is also demonstrated that the N = 6, U(M) × U(N) theory
can be recast into the symplectic 3-algebraic formalism [39]. In Ref. [40], both the general
N = 5 and N = 6 CSM theories have been formulated in a unified symplectic 3-algebraic
framework. These theories based on 3-algebras are constructed by requiring that the
supersymmetries be closed on-shell.
The main goal of the thesis is to combine the superspace formalism with the symplectic
3-algebra, then construct all D = 3 extended (N = 4, 5, 6, 8) superconformal CSM theo-
ries in a unified symplectic 3-algebraic framework. The ordinary Lie algebra counterparts
of these superconformal CSM theories are derived by using a super Lie algebra to realize
the symplectic 3-algebra. We also derive all known examples of the D = 3, N = 4, 5, 6, 8
superconformal CSM theories, and construct some new example of the N = 4 quiver
gauge theories.2
We first combine the superspace formalism with the 3-algebra, then rederive the
general N = 5 theories by using the Giatto-Witten enhancement mechanism. Previously
the N = 5 theories were derived from the N = 4 theories by carefully choosing the
gauge groups [35, 37]. So the construction of N = 5 theories by enhancing N = 1
supersymmetry is interesting in its own right, especially in a 3-algebraic framework. It
provides insight into the relationship between the 3-algebra and conventional Lie-algebra
approach.
We then construct general N = 4 theories in the (quaternion) 3-algebra framework, in
which there are two similar sets of complex 3-algebra generators. These N = 4 theories
are 3-algebra version of Chern-Simons quiver gauge theories. We start from N = 5
super-multiplets, decompose them and the symplectic 3-algebra generators properly, and
propose a new superpotential which is N=4 superconformally invariant.
We demonstrate that the N = 5 supersymmetry can be enhanced to N = 6 by decom-
posing the symplectic 3-algebra and the fields properly, and the fundamental identity and
the symmetry and reality properties of the structure constants of the hermitian 3-algebra
(used to construct N = 6 theories) can be derived from their N = 5 counterparts.
2The gauge group of a quiver gauge theory is a product of gi factors; and the matter fields are in the
bifundamental representations.
4In the special case that the structure constants are totally antisymmetric, the hermi-
tian algebra becomes the Nambu 3-algebra. As a result, the N = 6 supersymmetry is
promoted to N = 8, and the corresponding theory becomes the BLG theory.
Therefore N = 4, 5, 6, 8 superconformal CSM theories are described by a unified
(sympletic) 3-algebraic framework.
We systematically investigate the relations between the 3-algebras, Lie superalgebras,
ordinary Lie algebras and embedding tensors that are used to build D = 3 extended
supergravity theories in Ref. [32]. The relations between the 3-algebras and Lie super-
algebras are explored in Ref. [37, 42, 46], using representation theory. They did not
discuss the relations between the embedding tensors in Ref. [32] and 3-algebras or Lie
superalgebras. We fill this gap by a more physical approach.
We demonstrate that the symplectic 3-algebra can be realized in terms of a super Lie
algebra. The generators of the 3-algebra TI can be realized as the fermionic generators
of the super Lie algebra QI , and the 3-bracket is realized in terms of a double graded
bracket: [TI , TJ ;TK ]
.
= [{QI , QJ}, QK ]. In this realization, the fundamental identity
(FI) of the symplectic 3-algebra can be converted into the MMQ Jacobi identity of
the super Lie algebra (M is a bosonic generator). It will be shown that the structure
constants of the symplectic 3-algebra furnish a quaternion representation of the bosonic
part of the super Lie algebra, and play the role of Killing-Cartan metric of the bosonic
part of the super Lie algebra. Then the FI of the 3-algebra are rewritten as ordinary
commutator, whose structure constants are totally antisymmetric. Moreover, we prove
that the structure constants of the symplectic 3-algebra are the components of the
embedding tensor proposed in [32], if we realize the symplectic 3-algebra in terms of
the super Lie algebra.
The general N = 5, 6, 8 superconformal Chern-Simons-matter theories in terms of
ordinary Lie algebras can be rederived from our super-Lie-algebra realization of the
symplectic 3-algebras. Not only all known examples of N = 4, 5, 6, 8 ordinary CSM
theories, but also N = 4 CSM quiver gauge theories (including some new examples),
can be produced as well. Therefore, our superspace formulation for the super-Lie-algebra
realization of symplectic 3-algebras provide a unified treatment of all known N = 4, 5, 6, 8
CSM theories, including new examples of N = 4 quiver gauge theories as well.
In order to classify the gauge groups of the N = 4 quiver gauge theories, we ‘fuse’
two simple super Lie algebras into a single super Lie algebra, by requiring that the
5bosonic parts of these two simple super Lie algebras share one simple factor. As a result,
the fermionic generators Qa and Qb′ of this pair of super Lie algebras have nontrivial
anticommutators, i.e., {Qa, Qb′} 6= 0. An explicit example is presented to demonstrate
how to construct this kind of new super Lie algebras: we ‘fuse’ the simple super Lie
algebras OSp(N2|2N1) and OSp(N2|2N3) (N1 6= N3) into a single super Lie algebra,
whose bosonic part is the Lie algebra of the group Sp(2N1)×SO(2N2)×Sp(2N3) (N1 6=
N3). This group can be selected as a gauge group of the N = 4 quiver gauge theory.
The (N = 6) hermitian 3-algebras and the Nambu 3-algebras are also realized in terms
of super Lie algebras. We propose a quantization scheme for the symplectic, hermitian
and Nambu 3-brackets, by promoting the generators and the double graded commutators
of the corresponding super Lie algebras as quantum mechanical operators and double
graded commutators, respectively.
We also derive the same N = 4, 5, 6 theories by requiring that the supersymmetry
transformations are closed on-shell, i.e., we also examine the closure of the N = 4, 5, 6
algebras. The closure of N = 4 algebra in the GW theory (without the twisted hyper-
multiplets) has been checked in Ref. [33]. However, to our knowledge, the closure of the
algebra in theories with the twisted hypermultiplets has not been explicitly checked in
the literature. So our calculation will fill this gap. The closure of N = 6 algebra is first
checked in Ref. [38], using a hermitian 3-algebra approach. Our approach to the N = 6
theories is slightly different from that of [38], in that we use the symplectic 3-algebra to
construct the N = 6 theories. As a result, ours is more suited to the case with gauge
group Sp(2N)× U(1).
This thesis is organized as follows. In Chapter 2, we introduce the symplectic three-
algebras and define the notations. Section 3.1 is devoted to the construction of the
N = 5 theories by enhancing the supersymmetry from N = 1 to N = 5 in a 3-algebraic
framework. The (on-shell) closure of the N = 5 algebra is explicitly verified in section 3.2.
In section 4.1, we derive the N=4 theories by decomposing the N = 5 super-multiplets
and the symplectic 3-algebra properly and proposing a new superpotential. The closure of
the N = 4 super algebra is explicitly verified in section 4.2. In Chapter 5, we discuss the
relations between 3-algebras, super Lie algebras, ordinary Lie algebras and the embedding
tensors proposed in Ref. [32]. In section 6.1, we present how to reproduce the general
Lie algebra version of N = 5 theory from the 3-algebra approach. In Chapter 6, we
present all known examples of N = 4, 5 theories, and derive some new N = 4 quiver
6gauge theories. In Chapter 7, we derive the N=6 theories by decomposing the N = 5
fields and the symplectic 3-algebra properly. The N = 8 BLG theory is derived as a
special case of the N=6 theory. We also derive all known examples of the N = 6, 8
theories by specifying the structure constants of the 3-brackets. In section 7.3, the N = 6
theories are also constructed by requiring that the supersymmetry transformations are
closed on-shell. In Chapter 8, we rederive a super Lie algebra which can be used to
realize the hermitian 3-algebra and the Nambu 3-algebra. By using the super-Lie-algebra
realization of 3-algebras, the ordinary Lie algebra constructions of the N = 6, 8 theories
are rederived. In section 8.2, we propose a quantization scheme for the 3-brackets. The
last chapter is devoted to conclusions. Our convention and useful identities are given in
Appendix A. We verify the Sp(4) global symmetry of the N = 5 bosonic potential in
Appendix B. In Appendix C, we present some explicit examples of the N = 5, 6 theories.
CHAPTER 2
SYMPLECTIC THREE-ALGEBRAS
A 3-algebra is a complex vector space equipped with a 3-bracket, mapping three
vectors to one vector [40]:
[TI , TJ ;TK ] = fIJK
LTL, (2.1)
where TI (I = 1, 2, · · · ,M) is a set of generators. The set of complex numbers fIJKL are
called the structure constants. We define the global transformation of a field X valued
in this 3-algebra (X = XKTK) as [14]:
δΛ˜X = Λ
IJ [TI , TJ ;X], (2.2)
where the parameter ΛIJ is independent of spacetime coordinate. (The symmetry trans-
formation (2.2) will be gauged later). The above equation is the natural generalization of
δΛX = Λ
a[Ta, X] in an ordinary Lie 2-algebra. For an ordinary Lie 2-algebra, the Jacobi
identity is equivalent to
δΛ([X,Y ]) = [δΛX,Y ] + [X, δΛY ]. (2.3)
That is, δΛX = Λ
a[Ta, X] must act as a derivative. Analogously, for (2.2) to be a
symmetry, one has to require that it acts as a derivative [14]:
δΛ˜([X,Y ;Z]) = [δΛ˜X,Y ;Z] + [X, δΛ˜Y ;Z] + [X,Y ; δΛ˜Z], (2.4)
where Y = Y NTN and Z = Z
KTK . Canceling Λ
IJ , XM , Y N and ZK from both sides, we
obtain the following fundamental identity (FI) satisfied by the generators:
[TI , TJ ; [TM , TN ;TK ]] = [[TI , TJ ;TM ], TN ;TK ]+[TM , [TI , TJ ;TN ];TK ]+[TM , TN ; [TI , TJ ;TK ]].
(2.5)
The FI is a generalization of the Jacobi identity of an ordinary Lie algebra. Combining











8To define a symplectic 3-algebra, we introduce a symplectic bilinear form into the
3-algebra:
ω(X,Y ) = ωIJX
IY J . (2.7)
We denote the inverse of the antisymmetric tensor ωIJ as ω
IJ . 1 The existence of the
inverse implies that a 3-algebra index I must run from 1 to M = 2L. We will use ωIJ and
ωIJ to lower or raise 3-algebra indices; for instance, fIJKL ≡ ωLMfIJKM . The symplectic
bilinear form must be invariant under an arbitrary global transformation:
δΛ˜(ωIJX





It turns out that the structure constants must be symmetric in the last two indices:
fLMIJ = fLMJI . (2.9)
From point of view of ordinary Lie group, the infinitesimal matrices
Λ˜KI ≡ ΛLMfLMKI (2.10)
must form the Lie algebra Sp(2L,C). We call the 3-algebra defined by the above equations
a symplectic 3-algebra.
Since the 3-algebra is also a complex vector space, one can define a hermitian bilinear
form
h(X,Y ) = X∗IY I (2.11)
(with X∗I the complex conjugate of XI), which is naturally positive-definite and will be
used to construct the Lagrangians. The hermitian bilinear form is also required to be
invariant under the global transformation:
δΛ˜(X




To solve the above equation, we assume that the parameter ΛLM is hermitian: Λ∗LM =
ΛML. Since it also carries two symplectic 3-algebra indices, it obeys the natural real-
1In order to close the N ≥ 4 super Pioncare algebras, one must introduce the antisymmetric tensor
into the theories (see sections 3.2 and 4.2).
9ity condition Λ∗LM = ωLIωMJΛIJ . These two equations imply that the parameter is
symmetric, i.e., ΛML = ΛLM . In summary, we have
Λ∗LM = ΛML = ΛLM . (2.13)
Now since the parameter ΛIJ is symmetric, re-examining the global transformation (2.2)
leads us to require that the structure constants are symmetric in the first two indices:
fIJKL = fJIKL. (2.14)
With Eq. (2.13) and (2.14), we find that Eq. (2.12) can be satisfied if we impose the
following reality condition on the structure constants:
f∗LMIK = f
MLKI or f∗LMIK = fMLKI . (2.15)
Now both the symplectic bilinear form (2.7) and the hermitian bilinear (2.11) form are
invariant under the global transformation (2.2). So from point of view of ordinary Lie
group, the symmetry group generated by the 3-algebra transformations (2.2) is nothing
but Sp(2L), which is the intersection of U(2L) and Sp(2L,C).
By using the FI (2.6), one can prove that the structure constants fIJK
L are also
preserved under the global symmetry transformations [38]:
δΛ˜fMNK
L = −Λ˜OMfONKL − Λ˜ONfMOKL − Λ˜OKfMNOL + Λ˜LOfMNKO
= ΛIJ(−fIJMOfONKL− fIJNOfMOKL − fIJKOfMNOL + fIJOLfMNKO)
= 0, (2.16)
where we have used the FI (2.6) in the second line. In other words, Eq. (2.16) is equivalent
to the FI (2.6). Thus we can use ωIJ and fIJK
L to construct invariant Lagrangians, when
the symmetry is gauged.
Later we will see, to enhance the super-symmetry from N = 1 to N = 5, we will
require the 3-bracket to satisfy an additional constraint condition:
ω([TI , T(J ;TK ], TL)) = 0, (2.17)
or simply fI(JKL) = 0. Combining Eq. (2.17) with (2.9) and (2.14), we have that
f(IJK)L = 0 and fIJKL = fKLIJ . In summary, the structure constants fIJKL enjoy the
symmetry properties
fIJKL = fJIKL = fJILK = fKLIJ . (2.18)
CHAPTER 3
N = 5 THEORIES AND 3-ALGEBRAS
In this chapter, we will generalize Giaotto and Witten’s idea and method [33] to
enhance the super-symmetry from N = 1 to N = 5 [44]. We will work in a three-algebraic
framework. The closure of the N = 5 algebra will be checked explicitly [40].
3.1 N = 5 Theories in Terms of 3-Algebras
Let us first explain the mechanism for supersymmery enhancement. We assume
that the N = 1 superfields for the matter fields are 3-algebra valued (our notation and








where I is a 3-algebra index, A,B are Sp(4) ∼= SO(5) indices (A,B = 1, ..., 4); and γAB is
a Hermitian SO(5) ≡ Sp(4) gamma matrix, satisfying γABγBC = δAC . 1 The superfield







The purpose for introducing the gamma matrix into the second term of (3.1) is the
following: after we promote the supersymmetry from N = 1 to N = 5, we want the
supercharges and the matter fields to transform as the 5 and 4 of Sp(4), respectively,
with the gamma matrix being the couplings.
Despite the fact that ΦIA carries an Sp(4) index, it is still an N = 1 superfields in that
it just depends on one copy of fermionic coordinates θα. Generally speaking, if we use
(3.1) to construct an N = 1 CSM theory, the Yukawa couplings will contain the gamma
1Generally γA
B ≡ cmγmA B (m = 1, ..., 5), where γmA B are the SO(5) gamma matrices (see Appendix
A.4), and cm real coefficients. We normalize the parameters cm so that δ
mncmcn = 1. The nonuniqueness
of this gamma matrix is exactly what is allowed by the R-symmetry SO(5).
11
matrix γA
B, which is not Sp(4) invariant. 2 As a result, the CSM theory is generally
not Sp(4) invariant. However, we are be able to remove the gamma matrix γA
B from the
theory by adjusting the superspace couplings. The resulting theory then has an Sp(4)
global symmetry, which does not commute with the N = 1 supersymmetry. Namely
the supercharge transforms nontrivially under the Sp(4) global symmetry group. More
precisely, the supercharges transform in the vector representation of SO(5) or 5 of Sp(4).
As a result, the supersymmetry gets enhanced from N = 1 to N = 5. We will explain
this point in detail when we examine the supersymmetry transformations.
To construct the N = 1 CSM theory, we first gauge the global symmetry transforma-













where the parameter ΛKL is a superfield, depending on the coordinates of the superspace.














where Dα is the supercovariant derivative, defined by Eq. (A.9). In accordance with our








J = −DαΛ˜IJ and δΛ˜Γ˜µIJ = −DµΛ˜IJ, (3.6)
















J is superpartner of the gauge field A˜αβ
I
J . In accordance with (2.13), we assume
that AKLαβ and χ
KL
α are hermitian and symmetric in KL. The two superconnections (3.5)





A , where Σ
mn = 1
4
[γm, γn], we note that
δγA
B ≡ ΣACγCB − ΣCBγAC = ωmncnγmBA .
Thus, γA
B is not Sp(4) invariant.
3In this section, we define a general tilde field Ψ˜ as Ψ˜IJ ≡ ΨKLfKLIJ , where ΨKL can be a superfield
or an ordinary field.
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should not be independent, since there is only one gauge symmetry. Actually, imposing
the conventional constraint [41]
{Dα, Dβ} = 2iDαβ (3.8)





































The superfield ΓKLµ = −12γαβµ ΓKLαβ in Eq. (3.5) can be read off from Eq. (3.9) by rewriting

















≡ FKLαβ fKLIJ . (3.11)
In the first line we have used the FI (2.6).
To be self-consistent, the covariant derivative Dα must satisfy the Jacobi identity:
[Dα, {Dβ, Dγ}] + [Dβ, {Dγ , Dα}] + [Dγ , {Dα, Dβ}] = 0. (3.12)
The Jacobi identity can be solved by introducing a superfield strength W˜α [41]:
[Dα, Dβγ ] = iαβW˜γ + iαγW˜β. (3.13)
By direct calculation, we obtain





















J ≡ [∂αβχKLβ + (A˜αβ)LMχMKβ + (A˜αβ)KMχMJβ ]fKLIJ . (3.15)
In deriving the above equation, we have used the FI (2.6) again. Here we would like to
make one comment on the relation between the FI (2.6) and the anticommutator (3.8)
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and the Jacobi identity (3.12). Without consulting the FI, one would not be able to






J . This would be inconsistent with our
assumption (3.5) or the basic definition (2.2). Similarly, the superfield strength would
not take the form W˜αIJ = WKLα fKLIJ without the FI (see Eq. (3.14)). Recall that the
vector superconnection and the superfield strength are defined through (3.8) and (3.12),
respectively. So, had we not introduced the FI in section 2, we would have to introduce
the FI in this subsection for making the 3-bracket (2.2) consistent with (3.8) and (3.12).
After gauging the symmetry (2.2) in the superspace, we are ready to construct an N =
1 CSM theory. A generalN = 1 CSM theory consists of three parts: L = Lkin+LCS+LW ,
where Lkin is the Lagrangian of the kinetic terms of the matter fields, LCS the Chern-










(−DµZ¯AI DµZIA + iψ¯AI γµDµψIA + 2ifIJKLγBAψ¯BKχIJZLA + F¯AI F IA).















































The first part of the second line is precisely the ‘twisted’ Chern-Simons term in Ref. [40],
while the gaugino χ is just an auxiliary field, whose equation of motion is
χαIJ = −γBAψαB(IZJ)A . (3.20)











Note that this term is not Sp(4) invariant, because the gamma matrix is not Sp(4)
invariant (see footnote 2).
Let us now consider the superpotential W (Φ). It must satisfy two conditions. First,
for conformal invariance, the superpotential must be homogeneous and quartic in Φ;
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schematically, W (Φ) ∼ ΦΦΦΦ. Secondly, after combining (3.21) with the Yukawa terms
arising from W (Φ), the final expression must be Sp(4) invariant. Before proposing W (Φ),
it is useful to look at the structure of (3.21): it contains γACγBD. The essential obser-
vation is that γ[ACγBD] has to be proportional to the totally antisymmetric (invariant)
tensor εABCD, since this tensor is unique in Sp(4). The precise expression is
−εABCD = γACγBD − γBCγAD + γBAγCD (3.22)
= ωABωCD − ωACωBD + ωADωBC .
Namely, our problem may be solved if the final expression for (3.21) plus the Yukawa




















where the 3-algebra tensor g satisfies gIJKL = −gJIKL = −gIJLK = gKLIJ , and g˜ has
the same symmetry properties. We require that the tensors g and g˜ are gauge invariant.
This implies that g and g˜ can be expressed in terms of ωIJ and fIJKL, the only two gauge
invariant quantities. After carrying out the Berezin integration i2
∫
d2θW (Φ), we obtain













ACωBD)− (gIJKLωABωCD + g˜IJKLγABγCD)ZJBZKC ZLDF IA.
The first and last term of the first line are already Sp(4) invariant. Combining the middle












Since we wish to use Eq. (3.22), we first have to antisymmetrize AB in the expression




B) to be zero:






fJKIL = 0. (3.26)










C[AγB]D − g˜IJKLγABγCD]. (3.27)
It can be seen that if we set
g˜IJKL = −1
2
















ABωCD − ωACωBD + ωADωBC). (3.29)
Now Eq. (3.29) is manifestly Sp(4) invariant. However we still need to solve (3.26) and
(3.28) in terms of fIJKL and ωIJ . An equation similar to (3.26) is first derived by GW
[33]:














IL = 0, (3.30)
where the set of matrices τmIK is in the fundamental representation of Sp(2L) or its
subalgebra, and kmn is the Killing-Cartan metric. Although the (N = 4) GW theory
is not an N = 5 theory, the similarity between (3.26) and (3.30) strongly suggests that




KL (up to an unimportant constant). This is indeed










the FI (2.6). This solution is first found by Gustavsson by converting the FI into two
independent commutators of ordinary Lie algebra [15]. Later we will discuss the relations
between the 3-algebra and the ordinary Lie algebra in detail. Eq. (3.26) can be easily
solved by adopting a method in Ref. [33]. Summing (3.26) over cyclic permutations of
IKJ gives
f(IKJ)L = 0, or fI(KJL) = 0. (3.31)
This is precisely (2.17), as we stated earlier. The above equation is also derived by
requiring that the N = 5 supersymmetry transformations are closed on-shell [40]. Eq.




(fIJKL − fILKJ). (3.32)




(fILJK − fIKJL). (3.33)
Substituting (3.33) into (3.29), then combining (3.29) with the first and the last term of











D − 2ZIAZKDψJCψLB). (3.34)
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LMN (−ωACωBEωDF + 2ωACγBEγDF
+2ωDFγACγBE − 4ωBEγACγDF )ZIAZJBZKC ZLDZME ZNF . (3.36)




A is positive definite, though it is not manifestly Sp(4) invariant due
to the presence of the gamma matrix. However, by taking advantage of the key identity
(3.22) and the constraint condition f(IJK)L = 0, we are able to prove that (3.36) is indeed
Sp(4) invariant (see Appendix B). The final expression for the bosonic potential is
V = − 1
60
(2fIJK
OfOLMN − 9fKLIOfONMJ + 2fIJLOfOKMN )ZNA ZAIZJBZBKZLCZCM .
(3.37)
In summary, the full Lagrangian in terms of the symplectic 3-algebra is given by
L = 1
2


































OfOLMN − 9fKLIOfONMJ + 2fIJLOfOKMN )ZNA ZAIZJBZBKZLCZCM .
This Lagrangian is exactly the same as the N = 5 Lagrangian derived by requiring that
the supersymmetry transformations are closed on-shell [40]. Using the reality condition
















Now the potential term is manifestly positive definite.
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Let us consider the supersymmetry transformations. The N = 1 supersymmetry





















C − ΣABγBC)ψIαC . (3.43)
So the N = 1 supersymmetry does not commute with the Sp(4) global symmetry. Since
the matrix γA
B contains four independent real parameters, equation (3.43) suggests that
there are other 4 independent N = 1 supersymmetries. Therefore one may promote the
N = 1 supersymmetry (3.41) to N = 5:
δZIA = iA
BαψIBα, (3.44)




B. One may apply the same argument to the super-












































The supersymetry transformations are precisely the ones proposed in Ref. [40]. To verify
the mechanism for enhancing the N = 1 to N = 5, it is best to check the closure of
(3.45); this will be done in the next section. Later we will see that they are indeed closed
on-shell, and the corresponding equations of motion can be derived from the Lagrangian
(3.38). So the R-symmetry of the theories is Sp(4).
18
3.2 Closure of the N = 5 Algebra
Following BL’s strategy [38], we will derive the equations of motion by requiring
that the supersymmetry transformations are closed on-shell. Let us first examine scalar



























D − ¯CE2 1ED) = ΛLK , (3.49)
and the  bilinear is symmetric in CD. While the first term of Eq. (3.47) is the gauge
covariant translation, we have to impose some conditions on the structure constants so
that the remaining terms add up to be a gauge transformation. (We will read off the
parameter of the gauge transformation by looking the closure of the algebra on the gauge
fields.)
We tentatively assume that the third term of Eq. (3.47) is proportional to the gauge
transformation. So the second term of Eq. (3.47) should be also proportional to the











where α is a constant, to be determined later. Now the second and third term of Eq.




which should be the gauge transformation.
















where the last term O(Z4) is fourth order in the scalar fields Z. We recognize the second
term of the first line as a gauge transformation
−(DµΛKL)fKLIJ = −Dµ(ΛKLfKLIJ) (3.53)
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by a parameter Λ˜IJ = Λ
KLfKL
I
J , since the FI (2.6) or (2.16) implies that DµfKL
I
J = 0
[38]. In accordance with the parameter, now (3.51) must satisfy the following equation4:
1
3
(−α+ 2)fKLJIΛKLZJA = ΛKLfKLIJZJA. (3.54)
This equation can be solved by setting α = −1. In other words, Eq. (3.54) is solved if
Eq. (3.50) can be written as
f(JKL)
I = 0, (3.55)

















Following Gustavsson’s approach [15], one can demonstrate that the FI (2.6) admits




KL, where kmn is
the Killing-Cartan metric of Sp(2L), and τmIJ = ωIKτ
mK
J . The matrix τ
mK
J is in the
fundamental representation of Sp(2L), and ωIK is the Sp(2L)-invariant antisymmetric




K)L = 0, which is first derived by GW [33].
In the GW theories, it is the key requirement for enhancing the N = 1 supersymmetry
to the N = 4 supersymmetry.
By using the FI (2.6) and the symmetry conditions (2.18), one can prove that the last
term of Eq. (3.52) vanishes:
O(Z4) = 0. (3.58)
So the second line of Eq. (3.52) must be the equations of motion for the gauge fields:
F˜µν
I





J = 0. (3.59)






J −DµΛ˜IJ , (3.60)
which is the desired result.






A, we must set δΛ˜A˜µ
I




























A − fKLJIZJBZBKψLA + 2fKLJIZJBZKA ψBL. (3.62)
Hence the equations of motion for fermionic fields are EIA = 0. The scalar equations of
motion can be derived by taking the super-variation of the fermionic equations of motion:
δEIA = 0. (3.63)
After Fierz transformation, we obtain two independent parts, containing γµBC and BC ,
respectively. The part containing γµBC merely implies the equations of motion for the







BC = 0, (3.64)
where


































Since the parameters BC are traceless, in the sense that ω
BCBC = B
B = 0, Eq.










EDI = 0. (3.67)








AI = 0. (3.68)
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After some simplification we obtain









N − 3fIJMOfOLKN )
×ZJAZAKZLCZCMZBN .
All the equations of motion can be derived as the Euler-Lagrangian equations from the
action (3.38).
CHAPTER 4
N = 4 THEORIES AND SYMPLECTIC
3-ALGEBRAS
4.1 N = 4 Theories by Starting from N = 5 Theories
In this section, we will construct the N=4 theories by decomposing the N = 5 super-
multiplets and the symplectic 3-algebra properly and proposing a new superpotential
term that preserves only N = 4 [44]. Let us first decompose the N = 5 superfields for







































The index A of the LHS runs from 1 to 4, while A and A˙ of the RHS run from 1 to 2. (For
the dotted and undotted representation, see Appendix A.3.) The indices a and a′ run






and twisted hypermultiplets, respectively, in the literature [35] (from the N = 4 point of



























To be compatible with the decomposition of the N = 5 hypermultiplets (4.1), one may




























and the other 3 superfields of the RHS of (4.4) have similar expressions. In proposing
(4.4), we have decomposed the set of 3-algebra generators TI into two sets of generators
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d′ . We have also decomposed the parameter superfield ΓIJ
into two superfields Γab and Γa
′b′ .













then in component formalism, we now have
fIJKL = fabcdδ1αδ1βδ1γδ1δ +fabc′d′δ1αδ1βδ2γδ2δ +fa′b′cdδ2αδ2βδ1γδ1δ +fa′b′c′d′δ2αδ2βδ2γδ2δ,
(4.7)
(Here we assume that (fabcd − fabc′d′) does not vanish identically.) and
ΓIJ = Γabδ1αδ1β + Γ
a′b′δ2αδ2β. (4.8)
Substituting (4.7) and (4.8) into ΓIJfIJ
K
L indeed gives (4.4). With the decomposition
(4.7), the FI (2.6) are decomposed into 4 sets:
fabe
gfgfcd + fabf
gfegcd − fefdgfabcg − fefcgfabdg = 0,
fabe
gfgfc′d′ + fabf
gfegc′d′ − fefd′g′fabc′g′ − fefc′g′fabd′g′ = 0, (4.9)
fa′b′e
gfgfc′d′ + fa′b′f
gfegc′d′ − fefd′g′fa′b′c′g′ − fefc′g′fa′b′d′g′ = 0,
fa′b′e′
g′fg′f ′c′d′ + fa′b′f ′
g′fe′g′c′d′ − fe′f ′d′g′fa′b′c′g′ − fe′f ′c′g′fa′b′d′g′ = 0.
In accordance with Eq. (2.18), these structure constants enjoy the symmetry properties
fabcd = fbacd = fbadc = fcdab,
fabc′d′ = fbac′d′ = fbad′c′ = fc′d′ab, (4.10)
fa′b′c′d′ = fb′a′c′d′ = fb′a′d′c′ = fc′d′a′b′ .
The reality condition (2.15) is decomposed into

















Under the condition that (fabcd − fabc′d′) does not vanish identically, decomposing the
constraint condition f(IJK)L = 0 results in f(abc)d = 0, f(a′b′c′)d′ = 0 and fabc′d′ = 0.
However, the condition fabc′d′ = 0 turns out to be too restrictive to allow any interaction
1Here the index α is not an index of a spacetime spinor. We hope this will not cause any confusion.
24
between the primed fields and the unprimed fields. So we have to give up the constraint
fabc′d′ = 0. Namely, we have to give up the constraint condition f(IJK)L = 0 as we
decompose fIJKL by Eq. (4.7). Later we will see, to construct an interesting N = 4
quiver gauge theory, we need only to impose constraints on fabcd and fa′b′c′d′ :
f(abc)d = 0 and f(a′b′c′)d′ = 0, (4.12)
while fabc′d′ are unconstrained.











































































































































































Alternatively, we can also obtain (4.17) by directly decomposing the N = 5 Yukawa term
(3.21). It can be seen that the last term of (4.17) is a mixed term, in which the primed
25
fields couple the unprimed fields through fabc′d′ . So we cannot obtain a nontrivial N = 4
superpotential by decomposing the N = 5 superpotential (3.24), because the N = 5
superpotential (3.24) is desired only if f(IJK)L = 0, which implies that fabc′d′ = 0 as
we decompose fIJKL by Eq. (4.7) under the condition that (fabcd − fabc′d′) does not
vanish identically. So we have to propose a new superpotential for the N = 4 theory,
allowing fabc′d′ 6= 0. However, unlike the last term of (4.17), the first two terms of
(4.17) are un-mixed terms. This inspires us to decompose the first term of the N = 5
superpotential (3.23) with fa′c′bd and facb′d′ deleted from fIKJL (hence we denote the





































f ′IJKL = fabcdδ1αδ1βδ1γδ1δ + fa′b′c′d′δ2αδ2βδ2γδ2δ. (4.19)
Of course, the ‘modified’ structure constants f ′IKJL still satisfy the constraint condition
f ′(IKJ)L=0, which is equivalent to Eq. (4.12): f(acb)d = 0 and f(a′c′b′)d′ = 0. We will
prove that the first two terms of (4.17) combining the Yukawa terms arising from the






















































Let us now combine the first term of (4.17) and the first term of the second line of (4.20):
− i
6
[3facbd + (fabcd − fadcb)]σAC˙σBD˙ZaAZbBψcC˙ψdD˙
= − i
6












In the second line we have used f(abc)d = 0. In the third line we have used the SU(2) ×
SU(2) identity (A.26). It can be seen that the final expression of (4.21) is indeed SU(2)×
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SU(2) invariant. Similarly, one can combine the second term of (4.17) and the second















where we have used the reality condition (A.23). Now only the last term of (4.17), i.e.,
the mixed term, is not SU(2)× SU(2) invariant. Its structure suggests that if a Yukawa










arises from a to-be-determined superpotential, then they will add up to be SU(2)×SU(2)


























































Note that the first line is SU(2)× SU(2) invariant by itself. Comparing the second line











which is the desired result. Now all Yukawa terms are invariant under the SU(2)×SU(2)
global symmetry transformation. Put all Yukawa terms (the first line of (4.20), (4.21),
(4.22), (4.26) and the first line of (4.25)) together:









































































D ≡W A˙1a′ +W A˙2a′ . (4.27)
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which is not manifestly SU(2)×SU(2) invariant due to the presence of the sigma matrices.
However, by using the fundamental identities (4.9) and a method first introduced in
GW theory [33] (see also [34]), we are able to rewrite (4.28) so that it has a manifest
SU(2)× SU(2) global symmetry. For example, let us consider























≡ S +A. (4.29)


































Combining this with −WA1aW a2A (the first line of (4.29)) gives
−WA1aW a2A +A = 2S. (4.32)
Solving for −WA1aW a2A, we obtain
























































Combining this equation with (4.33), the symmetric part cancels (4.33) by the second
equation of the fundamental identities (4.9), while the antisymmetric part is SU(2) ×



















One can apply the same method to the other terms of (4.28). The final expression for
the N = 4 bosonic potential is


















































































































































































































Using the same argument given in section 3.1, we may promote the N = 1 supersymmetry





























































































where the parameter satisfies the reality condition
†A˙
B = −BCA˙B˙CB˙. (4.39)
It is still necessary to verify the closure of the N = 4 superalgebra; this will be done in the
next subsection. The ordinary Lie algebra counterparts of the Lagrangian (4.37) and the
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supersymmetry transformations (4.38) are first constructed in Ref. [34]. If fabc′d′ = fabcd,
then fabc′d′ also satisfy the constraint equation, i.e., f(abc′)d′ = 0. In this special case, the
N = 4 supersymmetry will be enhanced to N = 5.
If one sets the ‘twisted’ multiplet to be zero, i.e., Φa
′
A˙
= 0, then (4.37) and (4.38) be-
come the the Lagrangian and the supersymmetry law of the GW theory [33], respectively,
in the 3-algebra approach:
L = 1
2

































































4.2 Closure of the N=4 Algebra
The closure of the algebra of the GW theory was checked in [33]. To our knowledge,
there is no explicit check in the literature for the closure of the N = 4 algebra after adding
the twisted multiplets into the GW theory. Here we present such a check by starting with






























A˙, uED ≡ i(EA˙1 †2A˙
D − EA˙2 †1A˙
D). (4.43)
By using the identity AE
BC = −(δABδEC − δEBδAC), the second term of the RHS of






















The second term is equal to the first term minus the second term by the constraint

















































uA˙B˙ ≡ i(†A˙C1 2CB˙ − †A˙C2 1CB˙). (4.48)











While the first is the familiar covariant derivative, the second term is a gauge transfor-






























where the parameter Λ˜a
′





















































The last term O(Z4), which is fourth order in the scalar fields Z, vanishes by the FI (4.9).
































The first term is a covariant translation; the second term is a gauge transformation, as








































































In order to achieve the closure of the algebra, we must impose the equations of motion














































5.1 3-algebras and Lie Superalgebras
In this section, we will demonstrate that the symplectic 3-algebra can be realized in
terms of a super Lie algebra [44].











where the set of matrices τmIK is in the fundamental representation of Sp(2L) or its
subalgebra, and kmn is the Killing-Cartan metric. Later we will prove that (5.1) is an
explicit solution of the FI (2.6) (see section 5.2).









K)L = 0 can be solved in
terms of the Jacobi identity for following super Lie algebra: 1
[Mm,Mn] = CmnsM
s,
[Mm, QI ] = −τmIJωJKQK ,
{QI , QJ} = τmIJkmnMn. (5.2)
Namely, the QQQ Jacobi identity
[{QI , QJ}, QK ] + [{QJ , QK}, QI ] + [{QK , QI}, QJ ] = 0 (5.3)




K)L = 0. Therefore GW’s approach
suggests that the symplectic 3-algebra can be realized in terms of the super Lie algebra
1This is not the D = 3 super-Pioncare algebra.
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(5.2), if we think of the 3-algebra generator TI as the fermionic generator QI . Comparing
the 3-bracket [TI , TJ ;TK ] = fIJK
LTl with
[{QI , QJ}, QK ] = kmnτmIJτnKLQL, (5.4)
and taking account of (5.1), we see that the 3-bracket may be realized in terms of the
double graded commutator
[TI , TJ ;TK ]
.
= [{QI , QJ}, QK ]. (5.5)
Here the RHS is also obviously symmetric in IJ . It is instructive to examine the FI (2.5)
with the 3-brackets replaced by the double graded commutators:
[{QI , QJ}, [{QM , QN}, QK ]]
= [{[{QI , QJ}, QM ], QN}, QK ] + [{QM , [{QI , QJ}, QN ]}, QK ]
+[{QM , QN}, [{QI , QJ}, QK ]]. (5.6)
By using the super Lie algebra (5.2), we obtain
τmIJτ
n
MN ([Mn, [Mm, QK ]]− [Mm, [Mn, QK ]] + [[Mm,Mn], QK ]) = 0, (5.7)
which is equivalent to the MMQ Jacobi identity of the super Lie algebra (5.2). It is not




KL also enjoy the symmetry properties (2.18). So indeed
the symplectic 3-algebra can be realized in terms of the super Lie algebra. Now recall




















From the ordinary Lie group point of view, this is a transformation with parameters
ΛIJkmnτ
m
IJ and generators τ
nK
L. On the other hand, the second equation of (5.2)
indicates that the fermionic generators furnish a representation of the bosonic part of
the super Lie algebra (5.2), i.e., the matrix τmIJ is a quaternion representation of M
m.
Therefore, the gauge group generated by the 3-algebra can be determined as follows: its
Lie algebra is just the bosonic part of the super Lie algebra (5.2), which must be Sp(2L)
34
or its subalgebras. The representation of the matter fields is determined by the fermionic
generators of the super Lie algebra (5.2).
For a more mathematical approach, see Ref. [37, 42, 46], in which the relations
between the 3-algebras and Lie superalgebras are discussed by using Lie algebra repre-
sentation theories.
5.2 Three-algebras and Lie Algebras
It is less obvious that one can also prove that (5.1) is an explicit solution of the FI
(2.6) by using the QQM Jacobi identity of the super Lie algebra, which reads
[{QI , QJ},Mm]− {[QJ ,Mm], QI}+ {[Mm, QI ], QJ} = 0. (5.10)
After some algebraic steps we obtain
τnIJknp[M
p,Mm]− τmKJτnKIknpMp − τmKIτnKJknpMp = 0. (5.11)
Since the matrix τmIJ is a representation of M
m, the above equation implies
τnIJknp[τ
p, τm]MN − τmKJτnKIknpτpMN − τmKIτnKJknpτpMN = 0, (5.12)
where




N − τmMOτpON . (5.13)








p, τm]MN − kmqτ qKLτmKJτnKIknpτpMN − kmqτ qKLτmKIτnKJknpτpMN = 0.
(5.14)
Rearranging the above equation verifies explicitly that (5.1) satisfies the FI (2.6). Appli-
cation of the commutator
















MN = 0. (5.16)





are totally antisymmetric if the three adjoint indices nqs are on equal footing. Note that
kmn is an invariant bilinear form on the bosonic subalgebra, since Eq. (5.16) or (5.17)
also implies
[k,Cm] = 0. (5.18)
Here the matrices (Cm)pn = C
mp
n furnish the usual adjoint representation of the bosonic
subalgebra. In this way, we see that the FI of the 3-algebra can be converted into two
ordinary commutators (5.15) and (5.18) (this is first discovered in the second paper of
Ref. [15] with a different approach).




KL also furnish a quaternion represen-
tation of the bosonic subalgebra. In fact, if we write fIJKL as (fIJ)KL, then fIJ is
a set of matrices, and corresponding matrix elements are (fIJ)KL. If τ
n
KL furnish a




n, since the operator MIJ is a linear combination of M
n. With this
understanding, we are able to rewrite the FI (2.6) as a commutator





= −[fIJ , fMN ]KL. (5.19)
The third equation says that the quantity [fIJ , fKL]MN are totally antisymmetric in the 3
pairs of indices. Eq. (5.19) is equivalent to Eq. (5.15). Also, the matrices (fIJ)KL satisfy
the conventional Jacobi identity as a result of the MMM Jacobi identity of the superal-
gebra of (5.2). We now must check whether C˜IJ,KL,MN = kMN,OPCIJ,KL
OP are totally




must transform the Killing-Cartan metric kmn as
kmn → kIJ,KL = kqmτ qIJkpnτpKLkmn = kmnτmIJτnKL = fIJKL. (5.20)
Namely the structure constants fIJKL also play a role of the Killing-Cartan metric kIJ,KL.




= [fMN , fIJ ]KL. (5.21)
2This is a comment by E. Witten, quoted in the second paper of Ref. [15].
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By the third equation of (5.19), the structure constants C˜IJ,KL,MN are indeed totally
antisymmetric in the 3 pairs of indices. Therefore Eq. (5.18) now takes the following
form
[f, CIJ ] = 0 or [fMN , fIJ ]KL + [fKL, fIJ ]MN = 0, (5.22)
which is nothing but the third equation of Eq. (5.19). Namely both Eq. (5.15) and Eq.
(5.18) can be written as the third equation of Eq. (5.19), if we express everything in
terms of the 3-algebra structure constants fIJKL.
Note that we use kmn to lower an adjoint index, while use ωIJ to lower a fundamental
index. If Eq. (5.1) holds, then Eq. (2.8) implies a compatible condition between kmn and
ωIJ . Eq. (2.8) is equivalent to knmτ
mK
I ωKJ + knmτ
mK
J ωIK = 0, i.e.,
τ˜nIJ − knmωIKτmKJ = 0, (5.23)
where τ˜nIJ ≡ knmτmIJ .
5.3 Three-algebras and Embedding Tensors
In Ref. [31, 32], the authors derive some extended superconformal gauge theories by
taking a conformal limit of D = 3 gauged supergravity theories. In their approach, the
embedding tensor plays a crucial role. By definition, the embedding tensor θmn = θnm
acts as a projector [32]:
Dµ = ∂µ −Amµ θmntn, (5.24)
where tn is a set of independent generators. The above equation says that θmn projects
tn onto another set of generators t˜m = θmnt
n, whose symmetries are gauged. Let us now
consider the commutator




Since we expect that [t˜m, t˜n] = C˜mn





It is necessary to examine the Jacobi identity




















t = 0. (5.27)
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In the last line we have used (5.26). The last line is nothing but the Jacobi identity
satisfied by Cmnp. So Eq. (5.27) is indeed the desired result. To construct a physical
theory, the embedding tensor is required to be invariant under the transformations which
are gauged. Since the embedding tensor θmn carries two adjoint indices, we have to set
C˜nq
rθrs + C˜ns
rθqr = 0. (5.28)





q = 0. (5.29)
This quadratic constraint takes the same form for all extended supergravity theories.
We will focus on the N = 5 case. If we represent the adjoint index m as a pair
of fundamental indices IJ , the embedding tensor becomes θIJ,KL, satisfying the same
symmetry properties as fIJKL do (see (2.18)) [31]. To construct N = 5 supergravity
theories, the embedding tensor is required to satisfy the linear constraint:
θ(IJ,K)L = 0, (5.30)
and the structure constants in (5.29) are required to be those of Sp(2L) [31]. We observe
that if one identifies the embedding tensor θmn with the Killing-Cartan metric kmn, Eq.
(5.29) is precisely the same as Eq. (5.16), which is the FI satisfied by the 3-algebra




KL. Recall that fIJKL also play the role of the
Killing-Cartan metric (see section 5.2). So identifying the embedding tensor with the
Killing-Cartan metric is equivalent to identifying the embedding tensor with the 3-algebra
structure constants. With this identification, Eq. (5.30) is also solved since it is nothing
but f(IJK)L = 0. We are therefore led to the conclusion that fIJKL also play the role of
the embedding tensor. It is straightforward to generalize the discussion of this section to
the cases with other values of N .
In summary, if we realize the symplectic 3-algebra in terms of the superalgebra (5.2),




KL play four roles simultaneously:
• fIJKL are the structure constants of the symplectic 3-algebra or the double graded
commutator (5.4);
• fIJKL furnish a quaternion representation of the bosonic part of the superalgebra;
• fIJKL play the role of the Killing-Cartan metric;
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• fIJKL are the components of the embedding tensor used to construct the D = 3
extended supergravity theories.
CHAPTER 6
N=4, 5 THEORIES IN TERMS OF THE
BOSONIC PARTS OF
SUPERALGEBRAS
The N = 4, 5 theories in Chapter 3 and 4 are constructed in terms of 3-algebras.
After the discussions of the last section, we are ready to derive their ordinary Lie Algebra
constructions by the solution (5.1) [44].


























L ≡ Amµ kmnτnKL. (6.2)
Following Ref. [33], we define the ‘momentum map’ and ‘current ’ operator as follows
µmAB ≡ τmIJZIAZJB, jmAB ≡ τmIJZIAψJB. (6.3)
Here A = 1, · · · , 4 is the fundamental index of the R-symmetry group Sp(4). Substituting
the (6.1) and (6.2) into the Lagrangian (3.38) gives
L = 1
2













































































Here the parameter A
B obeys the traceless condition and the reality condition (3.46).
The N = 5 Lagrangian (6.4) and supersymmetry transformation law (6.5) are in agree-
ment with those given in Ref. [35], which were derived directly in terms of ordinary Lie
algebra.
In section (5.1), we have demonstrated that if the structure constants of the 3-algebra
are specified as (6.1), then the Lie algebra of the gauge group generated by the 3-algebra is
just the bosonic part of the superalgebra (5.2). The following classical super-Lie algebras:
U(M |N), OSp(M |2N), OSp(2|2N), F (4), G(3), D(2|1;α), (6.6)
(with α a continuous parameter) are of the same form as that of the superalgebra (5.2).
Therefore their bosonic parts can be selected to be the Lie algebras of the gauge groups
of the N = 5 theories. Especially, if we choose the U(M |N) or OSp(2|2N), whose
bosonic part is in the two conjugate representations (R ⊕ R¯), then the supersymmetry
will get enhanced to N = 6 [35]. In Appendix C.1, we work out the details of the
N = 5, Sp(2N)×O(M) CSM theory.
6.2 N = 4 Theories in Terms of the Bosonic Parts of
Superalgebras
6.2.1 Sp(2N1)× SO(N2)× Sp(2N3) Example
In order to realize the 3-algebra used to construct the N = 4 theories, one needs
to ‘fuse’ two simple super Lie algebras into a single superalgebra, by requiring that
the bosonic parts of these two simple superalgebras to share one simple factor. The
general structure of this ‘fused’ will be constructed in a forthcoming paper [45]. In this
section, we demonstrate how to ‘fuse’ a pair of simple superalgebras into one superalgebra
by presenting an explicit example. Suppose that the untwisted multiplets are in the
bifundamental representation of Sp(2N1)× SO(N2) (the bosonic part of OSp(N2|2N1)),
while the twisted multiplets are in the bifundamental representation of Sp(2N3)×SO(N4)
(the bosonic part of OSp(N4|2N3)). Without loss of generality, we assume that N2 = N4
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and N1 6= N3, i.e., the two superalgebras share one simple factor so(N2). So the gauge
group is Sp(2N1)×SO(N2)×Sp(2N3). Let’s work out the details. The super Lie algebra
OSp(N2|2N1) reads
[Mi¯j¯ ,Mk¯l¯] = δj¯k¯Mi¯l¯ − δi¯k¯Mj¯ l¯ + δi¯l¯Mj¯k¯ − δj¯ l¯Mi¯k¯,
[Miˆjˆ ,Mkˆlˆ] = ωjˆkˆMiˆlˆ + ωiˆkˆMjˆ lˆ + ωiˆlˆMjˆkˆ + ωjˆ lˆMiˆkˆ,
[Mi¯j¯ , Qk¯kˆ] = δj¯k¯Qi¯kˆ − δi¯k¯Qj¯kˆ,
[Miˆjˆ , Qk¯kˆ] = ωjˆkˆQk¯iˆ + ωiˆkˆQk¯jˆ ,
[Qi¯ˆi, Qj¯jˆ ] = k(ωiˆjˆMi¯j¯ + δi¯j¯Miˆjˆ), (6.7)
where i¯ = 1, · · · , N2 is an SO(N2) fundamental index, and iˆ = 1, · · · , 2N1 is an Sp(2N1)
fundamental index, Qa = Qi¯ˆi and ωab = ωi¯ˆi,j¯jˆ = δi¯j¯ωiˆjˆ . The super Lie algebraOSp(N2|2N3)
has similar expressions. We denote the fermionic generators of OSp(N2|2N3) as Qa′ =
Qi¯i′ , where i
′ = 1, · · · , 2N3 is an Sp(2N3) fundamental index.
Since Qi¯i′ also carries an SO(N2) fundamental index, the anticommutator {Qi¯ˆi, Qj¯j′}
cannot vanish. Actually, if {Qi¯ˆi, Qj¯j′} = 0, then the Qi¯ˆiQj¯j′Qk¯k′ Jacobi identity implies
that [Mj¯k¯, Qi¯ˆi] = 0, which is contradictory with the third equation of (6.7). Namely, if
these two superalgebras share one simple factor, then we indeed have {Qi¯ˆi, Qj¯j′} 6= 0, i.e.,
this anticommutator must equal to a bosonic operator. On the other hand, since iˆ and
j′ are independent indices (recall N1 6= N3), it is natural to define
{Qi¯ˆi, Qj¯j′} = kδi¯j¯Miˆj′ , [Miˆjˆ , Qk¯l′ ] = [Mi′j′ , Qk¯lˆ] = 0,
[Miˆi′ , Qj¯j′ ] = ωi′j′Qi¯ˆi, [Miˆi′ , Qj¯jˆ ] = ωiˆjˆQj¯i′ . (6.8)
It is not difficult (though a little tedious) to verify that every Jacobi identity is satisfied.
So the five graded commutators in (6.8) must be the correct ones; they are explicit
examples of the last five graded commutators of the new superalgebra in Ref. [45] ‘fused’
by two simple superalgebras.
Since the structure constants of the double graded commutator are also the struc-
ture constants of the symplectic 3-algebra, let us consider the following double graded
commutator:
[{Qi¯ˆi, Qj¯jˆ}, Qk¯k′ ] = kωiˆjˆ(δj¯k¯Qi¯k′ − δi¯k¯Qj¯k′). (6.9)
It is not difficult to read off the structure constants of 3-algebra fabc′d′ :
fabc′d′ = fi¯ˆi,j¯jˆ,k¯k′,l¯l′ = −kωiˆjˆωk′l′(δi¯k¯δj¯ l¯ − δi¯l¯δj¯k¯). (6.10)
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Note that fabc′d′ = fi¯ˆi,j¯jˆ,k¯k′,l¯l′ are not subjected to any linear constraint such as (4.12).
To see this, let us consider the QaQbQc′ or Qi¯ˆiQj¯jˆQk¯k′ Jacobi identity
[{Qi¯ˆi, Qj¯jˆ}, Qk¯k′ ] + [{Qi¯ˆi, Qk¯k′}, Qj¯jˆ ] + [{Qk¯k′ , Qj¯jˆ}, Qi¯ˆi] = 0, (6.11)
which can be converted into
k[−ωiˆjˆωk′l′(δi¯k¯δj¯ l¯ − δi¯l¯δj¯k¯) + ωiˆjˆωk′l′(δi¯k¯δj¯ l¯ − δi¯l¯δj¯k¯)]Ql¯l
′
= 0. (6.12)
This equation is merely a statement that fi¯ˆi,j¯jˆ,k¯k′,l¯l′ are antisymmetric in i¯j¯ or in iˆjˆ.
Therefore theQi¯ˆiQj¯jˆQk¯k′ Jacobi identity does not impose a linear constraint on fi¯ˆi,j¯jˆ,k¯k′,l¯l′ ,
since the two simple superalgebras share only one simple factor, as we claimed in the last
section. Similarly, the Qi¯i′Qj¯j′Qk¯kˆ Jacobi identity also does not impose a linear constraint
on fi¯i′,j¯j′,k¯kˆ,l¯lˆ.
One can obtain fabcd by considering [{Qi¯ˆi, Qj¯jˆ}, Qk¯kˆ]. A short calculation gives
fabcd = fi¯ˆi,j¯jˆ,k¯kˆ,l¯lˆ = −k[(δi¯k¯δj¯ l¯ − δi¯l¯δj¯k¯)ωiˆjˆωkˆlˆ − δi¯j¯δk¯l¯(ωiˆkˆωjˆ lˆ + ωiˆlˆωjˆkˆ)]. (6.13)
And fa′b′c′d′ have a similar expression:
fa′b′c′d′ = fi¯i′,j¯j′,k¯k′,l¯l′ = −k[(δi¯k¯δj¯ l¯− δi¯l¯δj¯k¯)ωi′j′ωk′l′ − δi¯j¯δk¯l¯(ωi′k′ωj′l′ +ωi′l′ωj′k′)]. (6.14)
Eqs. (6.10) ∼ (6.14) satisfy the symmetry conditions (4.10), the reality conditions (4.11)
and the FIs (4.9). Eqs. (6.13) and (6.14) also satisfy the constraint equations (4.12).
Substituting Eqs. (6.10) ∼ (6.14) into (4.37) and (4.38) gives the N = 4 CSM theory
with gauge group Sp(2N1)× SO(N2)× Sp(2N3).
Alternatively, one can read off kuv and τ
u
ab from (6.7) by comparing (6.7) with [M
u, Qa] =
−τuabωbcQc and {Qa, Qb} = τuabkuvMv. For instance,




(δm¯p¯δn¯q¯ − δm¯q¯δn¯p¯). (6.16)
Similarly, we have
(tp¯q¯)k¯k′,l¯l′ = −ωk′l′(δp¯k¯δq¯l¯ − δp¯l¯δq¯k¯). (6.17)






m¯n¯,p¯q¯(τm¯n¯)¯iˆi,j¯jˆ(tp¯q¯)k¯k′,l¯l′ = fi¯ˆi,j¯jˆ,k¯k′,l¯l′ = −kωiˆjˆωk′l′(δi¯k¯δj¯ l¯ − δi¯l¯δj¯k¯).
(6.18)








c′d′ ; they are the
same as (6.13) and (6.14), respectively.
43
Analogously, we may set N1 = N3 but N2 6= N4. In this case, the common simple
factor is sp(2N1), and the gauge group is SO(N2)× Sp(2N1)× SO(N4).
However, if N1 = N3 and N2 = N4, then the two simple superalgebras are identical,
or τvcd = τ
v′
c′d′ . As a result, the structure constants fabc′d′ = fabcd, and fabc′d′ also satisfy
the constraint equation f(abc′)d′ . In this case, the gauge group is Sp(2N1)×SO(N2), and
the N = 4 supersymmetry is enhanced to N = 5. For details, see [35].
If N1 6= N3 and N2 6= N4, then {Qa, Qc′} = 0 and fabc′d′ = 0. Or equivalently,
if the gauge group of the N = 4 theory is Sp(2N1) × SO(N2) × Sp(2N3) × SO(N4),
then the untwisted multiplets furnish a trivial representation of Sp(2N3) × SO(N4)
and a fundamental representation of Sp(2N1) × SO(N2), while the twisted multiplets
furnish a trivial representation of Sp(2N1) × SO(N2) and a fundamental representation
of Sp(2N3)× SO(N4). In this case, the N = 4 Lagrangian becomes two uncoupled GW
Lagrangians (see section 6.2.3).
The theories of this section are first constructed in Ref. [34], using a different approach.
We will rederive the general N = 4 CSM theory in terms of ordinary Lie algebra in a
forthcoming paper [45].
6.2.2 Examples of N = 4 Quiver Gauge Theories
After working out the example in section 6.2.1, it is not difficult to find out the other
gauge groups. We can consider the following pairs of super Lie algebras [35, 37]:
(G1, G2) = (U(N1|N2), (U(N2|N3)), (OSp(N1|2N2), (OSp(N1|2N3)),
(OSp(N1|2N2), (OSp(N3|2N2)), (OSp(N1|2N2), (OSp(2|2N2)),
(OSp(2|2N1), (OSp(2|2N1)). (6.19)
For every pair, the even parts share at least one common simple factor, hence can be
chosen as the Lie algebras of the gauge groups.
It is straightforward to generalize the construction of section 4 by decomposing the
set of 3-algebra generators TI as three sets of generators, and decomposing one N = 5
multiplet as three N = 4 multiplets. Then the gauge group must be the even parts of
(G1, G2, G3), where Gi (i = 1, 2, 3) is a super Lie algebra selected from the list (6.6).
Here we assume that the even parts of G1 and G2 share at least one common simple
factor, while the even parts of G2 and G3 share at least one common simple factor. For
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example, one can choose (G1, G2, G3) as (OSp(N1|2N2), (OSp(N1|2N3), (OSp(N4|2N3)).
The resulting quiver diagram for gauge groups is
Sp(2N2)− SO(N1)− Sp(2N3)− SO(N4). (6.20)
Or we can set (G1, G2, G3)= (U(N1|N2), (U(N2|N3)), (U(N3|N4), and the resulting quiver
diagram for gauge groups is
U(N1)− U(N2)− U(N3)− U(N4). (6.21)
In the general case, one can choose the even parts of (G1, · · · , Gn), where Gi (i = 1, · · · , n)
is a super Lie algebra selected from the list (6.6); the even parts of Gi and Gi+1 (i =
1, · · · , n − 1) share one common simple factor [34, 37]. If the even parts of G1 and Gn
(with n an even number) also share one common simple factor, then the linear quiver
becomes a closed loop. The linear quiver gauge theories described in this paragraph
exhaust all known examples of N = 4 superconformal CMS theories. As [37] pointed
out, if one also takes account of the exceptional super Lie algebras, and the isomorphisms
of the Lie algebras, there are additional possibilities. We will elaborate these ideas by
constructing some N = 4 theories with new gauge groups.
Let us first consider the exceptional Lie algebras. The even parts of the super groups
F (4), G(3) and D(2|1, α) are SO(7) × SU(2) (SO(7) is in the spinor representation),
G2 × SU(2) and SO(4)× Sp(2), respectively. We therefore may have
(G1, G2) = (F (4), (SU(2|N2)), (G(4), (SU(2|N2)), (G(4), F (4)),
(OSp(7|2N), F (4), (OSp(4|2N), D(2|1, α)). (6.22)
Their even parts can be selected as the Lie algebras of the gauge groups.
It also is possible to construct some new N = 4 CMS theories by using the four
isomorphisms of the Lie algebras:
so(3) ∼= su(2) ∼= sp(2), so(5) ∼= sp(4), so(6) ∼= su(4). (6.23)
The pairs of the super Lie algebras can be chosen as
(G1, G2) = (OSp(3|2N1), (OSp(N2|2)), (OSp(3|N1), (SU(2|N2)), (OSp(3|2N1), F4),
(OSp(3|2N1), D(2|1, α)), (OSp(3|2N1), G3), (OSp(N1|2), (SU(2|N2)),
(OSp(N1|2), F4), (OSp(N1|2), G3), (G3, D(2|1, α)), (F4, D(2|1, α)),
(OSp(5|2N1), (OSp(N2|4)), (OSp(6|N1), (SU(4|N2)), (6.24)
and their even parts can be selected as the Lie algebras of the gauge groups.
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Clearly, one can use the constructions of the last two paragraphs in the general case
(G1, · · · , Gn), where we select Gi (i = 1, · · · , n) from the list of the super Lie algebra
(6.6). The even parts of Gi and Gi+1 (i = 1, · · · , n− 1) share one common simple factor;
or one simple factor of the even part of Gi is isomorphic to one simple factor of the even
part of Gi+1.
Finally, one can obtain new gauge groups by noting that the even parts of m (m > 2)
super Lie algebras can share one simple factor. One therefore can construct ‘meshy’
N = 4 quiver gauge theories. For example, the even parts of the super Lie algebras
G1 ∼ G4 can share one common simple factor. For instance, if we set
(G1, G2, G3, G4) = (OSp(N |2N1), OSp(N |2N2), OSp(N |2N3), OSp(N |2N4)), (6.25)
then the resulting quiver diagram for gauge groups is
Sp(2N1)
|
Sp(2N2)− SO(N)− Sp(2N4) (6.26)
|
Sp(2N3)
The four multiplets are in the bifundamental representations of Sp(2Ni) × SO(N) (i =
1, · · · , 4), respectively. It can be seen that (6.26) is ‘meshy’, while (6.20) or (6.21) is
‘linear’.
In summary, by using (6.19), (6.22) and (6.24), one can construct a general N = 4
quiver gauge theory by requiring that the even parts of a (a ≥ 2) adjacent super
Lie algebras share one simple factor. (If two simple factors are isomorphic to each
other, we also consider them as the same simple factor, even they may be in different
representations.) The total number of the super Lie algebras is n (n ≥ a), and the n
super Lie algebras are selected from (6.6). The Lie algebras of the gauge groups are just
the even parts of the super Lie algebras, and the multiplets are in the bifundamental
representations.
6.2.3 N = 4 GW Theory in Terms of Lie Algebras
















which satisfy the FI as well as appropriate constraint and symmetry conditions, the gauge













d ≡ Amµ kmnτncd. (6.28)
Following Ref. [33], we define the ‘momentum map’ and ‘current ’ operators as follows
µmAB ≡ τmabZaAZbB, jmAB˙ ≡ τmabZaAψbB˙. (6.29)
With Eqs (6.27) ∼ (6.29), Eqs. (4.40) and (4.41) become the Lagrangian and the





























































Since we derived the GW theory by decomposing the N = 5 theory and setting the
twisted mulitplets to zero, so the classical superalgebras, which are used to realize the
3-algebra, must be the same as those used in the N = 5 case, i.e.,
U(M |N), OSp(M |2N), OSp(2|2N), F (4), G(3), D(2|1;α). (6.32)
Indeed, they are of the same form as that of the superalgebra (5.2). Therefore their
bosonic parts can be selected to be the Lie algebras of the gauge groups of the GW
theory [33, 34, 37]; and the corresponding representations are determined by the fermionic
generators.
CHAPTER 7
N = 6, 8 CSM THEORIES AND
3-ALGEBRAS
In Ref. [35], the N = 6 theories are derived from the N = 5 theories by enhancing
the R-symmetry from Sp(4) to SU(4). In this section we will implement the same idea
in the context of 3-algebras [40]. We will call the symplectic 3-algebras presented in Ref.
[40] and in [38], respectively, to construct the N = 5, N = 6 theories as the “N = 5,
N = 6 three-algebra”, respectively. We will see that the symplectic 3-algebra provides a
framework unifying the N = 4, 5, 6, 8 CSM theories.
7.1 General N=6 CSM Theories
The enhancement of R-symmetry from Sp(4) to SU(4) in Ref. [35] is based on the
following observation: The reality condition (3.2) implies that the complex conjugates of










Therefore the matter fields actually furnish a pseudo-real presentation of the gauge group.
If we decompose this pseudo-real representation into a complex representation and its
conjugate representation, then the Sp(4) R-symmetry will be enhanced to SU(4), and
the global N = 5 SUSY will get enhanced to N = 6.
In this section, we will show that this enhancement can be implemented exclusively in
the framework of symplectic 3-algebra, which thus provides a unified framework for both
N = 5 and N = 6 theories. Since in our approach the ordinary Lie algebra of the gauge
groups is generated by the FI and the 3-brackets, the challenge we face is to derive the
N = 6 three-algebra from the 3-algebra proposed in Ref. [40].
Following Ref. [35], we first decompose an N = 5 scalar field as a direct sum of an













where the right hand side of the arrow contains N = 6 fields. Here the index I runs from
1 to 2L, while the index a runs from 1 to L. And χ1α and χ2α are “spin up” and “spin












To make the N = 5 SUSY transformation law (3.45) consistent with that of N = 6 (see





Baδ1α − ψAaδ2α, (7.4)
where the right hand side contains N = 6 fermion fields. We further decompose the
antisymmetric tensor ωIJ and its inverse as
ωIJ = ωaα,bβ = δa
bδ1αδ2β − δabδ2αδ1β,
ωIJ = ωaα,bβ = δa
bδ2αδ1β − δabδ1αδ2β . (7.5)




∗Aa = ψAa, (7.6)
in agreement with those for N = 6 theories. This justifies the above decomposition (7.5)
of the antisymmetric tensor of the N = 5 three-algebra to derive the N = 6 three-algebra.
To be compatible with the decomposition of scalar and fermion fields, one has to







bδ1αδ1β − A˜µbaδ2αδ2β, (7.7)
where the right hand side is a direct sum of an N = 6 gauge field and its complex
conjugate. Since our gauge fields A˜µ
K
L are defined in terms of the structure constants








we have to decompose its structure constants properly to result in the desired decompo-
sition Eq. (7.7). We find that Eq. (7.7) indeed follows from the decomposition of the
structure constants given by





+f bcdaδ1αδ2βδ2γδ1δ + f
bd
caδ1αδ2βδ1γδ2δ, (7.9)
1Here the index α is not an index of a spacetime spinor. We hope this will not cause any confusion.
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Later we will identify the above f cabd in the right side of Eq. (7.9) as the structure
constants of the N = 6 three-algebra. With Eq. (7.5) and (7.9), the reality condition of
the structure constants (2.15) reduces to
f∗abcd = f cdab, (7.12)
as desired for the N = 6 three-algebra [38, 39].
Eq. (7.5) motivates us to decompose the generators of the 3-algebra as follows:
TI = Taα = ωaα,bβT
bβ
= T a2δ1α − T a1δ2α. (7.13)
Since we decompose a matter field as a direct sum of a N = 6 matter field and its complex
conjugate, it is necessary to decompose a generator of the 3-algebra as a direct sum of a
generator of a 3-algebra and its complex conjugate. This can be accomplished by setting
ta = T a1, t¯a ≡ t∗a = T a2, (7.14)
where ta is a generator of the 3-algebra, and t¯a its complex conjugate.


















Namely, it becomes a sum of the hermitian bilinear form of two N = 6 fields and its
complex conjugate. Generally speaking, the hermitian bilinear form of two arbitrary
N = 6 three-algebra valued fields will become
h(X,Y ) = X∗aYa ≡ X¯aYa. (7.16)
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The reality condition (7.12) and Eq. (7.9) imply that the N = 5 three-bracket (2.1)
can be decomposed as a direct sum of N = 6 brackets and their complex conjugates as
follows:
[TI , TJ ;TK ] = [Taα, Tbβ;Tcγ ]
= [ta, tc; t¯b]δ2αδ1βδ2γ + [t
a, tc; t¯b]
∗δ1αδ2βδ1γ








are those for the N = 6 three-algebra. Such 3-brackets were first proposed by Bagger
and Lambert [38] for a N = 6 CSM theory. An unusual feature of the 3-brackets is that
it involves complex conjugate for the third generator. Our above decomposition from the
N = 5 three-algebra reveals clearly the origin of the need for complex conjugation of the
third generator.
Later we will see that the structure constants defined in Eq. (7.18) are indeed anti-
symmetric in the first two indices. (See Eq. (7.20).) With Eq. (7.17), the fundamental
identity (2.6) reduces to
ffcdgf
ag
eb − faf gbfgcde + f cf egfagdb − facgbfgf ed = 0, (7.19)
as desired. Also the constraint condition (2.17) on the structure constants and the
symmetry properties (2.18) of the structure constants reduce to
fabcd = −f bacd = f badc. (7.20)
One easily recognizes that eqs. (7.16), (7.18), (7.19), (7.12), and (7.20) are those defining
the N = 6 three-algebra used in Ref. [38]. (The relation between the N = 6 three-algebra
and super Lie algebra was discussed in Ref. [46].)
Substituting Eq. (7.2), (7.4), (7.9), and (7.10) into the N = 5 Lagrangian (3.38) and
the SUSY transformation law (3.45), and using the Sp(4) identity (A.34) and (A.35), we
reproduce the N = 6 Lagrangian
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L = −DµZ¯aADµZAa − iψ¯AaγµDµψAa



































































































d = −i¯ABγµZAa ψBbf cabd + i¯ABγµZ¯aAψBbf cbad.
Here the SUSY transformation parameters AB satisfy






Now the parameters AB transform as the 6 of SU(4). It is in this sense that the global
N = 5 SUSY gets enhanced to N = 6. The Lagrangian (7.21) and the transformation
law (7.22) are the same as the ones obtained in the 3-algebra approach for N = 6 theories
in Ref. [38].
The N = 6 superconformal CSM theories in three dimensions can be classified by
super Lie algebras [33, 35, 49] or by using group theory [48]. Two primary types are
allowed: with gauge group U(M) × U(N) and Sp(2N) × U(1), respectively. In section
7.4, we will drive these two theories by specifying the structure constants of the N = 6
three-algebra.
7.2 N=8 CSM Theory
If the inner product (7.16) becomes the standard inner product in the Euclidian space
h(X,Y ) = XaYa or h(t
a, tb) = δab, (7.25)
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then there is no difference between a lower index a and an upper index a, i.e., t¯a = t¯
a.
As a result, the 3-bracket (7.18) becomes
[ta, tc, t¯b] = facbdt
d. (7.26)
If the first 3 indices of facbd are antisymmetric, then Eq. (7.26) becomes the famous




The symmetry properties of the structure constants (7.20) imply that
fabcd ≡ δdefabce (7.28)
are totally antisymmetric. Now the FI (7.19) can be converted into
fafegf
cdg
b − f cdagfgfeb − f cdf gfageb − f cdegfafgb = 0. (7.29)
The 3-algebra defined by Eq. (7.26) ∼ (7.29) is nothing but the Nambu 3-algebra.
Substituting Eq. (7.28) into (7.21) and (7.22) gives the BLG theory, since the N = 6
supersymmetry is promoted to N = 8 if the structure constants are totally antisymmetric
[47].
To demonstrate that the Nambu 3-algebra does generate an SO(4) gauge group, we
choose the following 4 σ-matrices (the first three are Pauli matrices)
σa = (σ1, σ2, σ3, iI) (7.30)
to realize the generators of the Nambu 3-algebra [47], i.e.,
ta
.
= σa and t¯a
.
= σa†, (7.31)
where σa† is the hermitian conjugate of σa. It is well known that one can establish a
connection between the SU(2) × SU(2) and SO(4) group by (7.30). These σ-matrices
satisfy the Clifford algebra:
σaσb† + σbσa† = 2δab and σa†σb + σb†σa = 2δab. (7.32)




Tr(σa†σb) = δab, (7.33)
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where we have normalized the trace by a factor 12 . We specify the 3-bracket as [38]:
[σa, σb;σc†] = k(σaσc†σb − σbσc†σa)
= −2kεabcdσd,
where εabcd is the familiar Levi-Civita tensor. So in this realization, the structure
constants fabcd are nothing but εabcd (up to an unimportant constant). And from the
point of view of ordinary Lie algebra, a field valued in the Nambu 3-algebra
ZAα
α˙ = ZAa σ
a
α
α˙ (a = 1, · · · , 4; α, α˙ = 1, 2.)
is indeed in the bifundamental representation of SU(2)×SU(2). The N = 8 BLG theory
is essentially unique, since the Nambu 3-algebra with a symmetric and positive define
metric can only generate an SO(4) gauge symmetry [20, 21]. In section (8.2), we will
demonstrate that the Nambu 3-algebra can be realized in terms of a super Lie algebra
PSU(2|2).
7.3 Closure of the N = 6 Algebra
We require the on-shell closure of the supersymmetry algebra. Namely, after imposing
equations of motion, the commutator of two supersymmetry transformations must be
equal to a translation plus a gauge term.























2 1CE − ¯DE1 2CE)Z¯cDZCb . (7.37)
The first term of Eq. (7.34) is a translation, and the second represents a gauge transfor-
mation, as expected. In deriving (7.34), we have used Eq. (7.20): fabcd = −f bacd.
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d − ∂νA˜µcd + [A˜µ, A˜ν ]cd is the field strength. We recognize the first
term as a translation, and the second a gauge transformation. To achieve the closure, we







A − ZAa DλZ¯bA − iψ¯AbγλψAa
)
facbd. (7.39)
As BL discovered [38], the FI implies Dµf
ca







expression of the covariant derivative. We have used this important equation to derive





The commutator of two supersymmetry transformations acting on the fermionic fields
reads






















D − 2ψDaZDb Z¯cC − εCDEFψDcZEa ZFb
)
. (7.41)
Again, the first two term are a translation and a gauge transformation, respectively.
To achieve the closure of the supersymmetry algebra, we have to impose the following
equations of motion for the fermionic fields:









D − 2ψDaZDb Z¯cC − εCDEFψDcZEa ZFb
)
. (7.42)
To derive the equations of motion of the scalar fields, we take the super-variation of
the equations of motion of the fermionic fields: δECd = 0. Two equations are obtained:
One is
0 = DµD






cg − 2fabcdfedfg − 2fdbgcfaefd + 2fabfdfedcg − 4febfdfadcg)
×ZBe Z¯fAZAa Z¯gDZDb .
The other equation is equivalent to the equation of motion of the gauge field (7.39).
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The equations of motion of the gauge, fermion and scalar fields, Eqs. (7.39), (7.42)
and (7.43), respectively, can be derived from the Lagrangian (7.21).
7.4 Examples of the N = 6 Theories
7.4.1 N = 6, Sp(2N)× U(1)
We first specify the structure constants as 2 [39]
fa−,b−,c+,d+ = −k[(ωabωcd + ωacωbd)h−+h−+ + (ωad−+)(ωbc−+)], (7.44)
where k is a real constant, ωab an antisymmetric bilinear form (a, b = 1, 2, · · · , 2N),
h+− = h−+ = 1 and +− = −−+ = ih+−. Here a, b are the Sp(2N) indices while +,−
the SO(2) indices. We use the gauge invariant antisymmetric tensor ωa+,b− ≡ ωabh+− to
raise the first two pairs of indices of the structure constants (7.44):
fa+b+c+d+ = k[(ω
abωcd − δacδbd)δ++δ++ − (δad)(−iδ++)(δbc)(−iδ++)]. (7.45)






c − δacδbd). (7.46)
It is not too difficult to check that the structure constants satisfy the FI (7.19) and the
reality condition (7.12), and also have the desired symmetry properties (7.20).









= −(Aµdc +Aµcd) + (Aµaa)δcd
≡ Bµcd +Aµδcd.
It is natural to identify the trace part Aµ ≡ Aµaa as the U(1) part of the gauge potential,
and Bµ
c









d is in the fundamental representation of the Lie algebra of Sp(2N). Therefore the
gauge group is nothing but Sp(2N) × U(1), whose Lie algebra is the bosonic part of
the super Lie algebra OSp(2|2N). In section 8.1, we will use OSp(2|2N) to realize the
3-algebra used in this subsection.
2In the Lagrangian (7.21) of section 7.1, the index a runs from 1 to L. In this subsection, we split it
into two indices: a→ a±, and set L = 4N . We hope this will not cause any confusion.
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We substitute the structure constants (7.46) into (7.22). We then obtain the N = 6
(on-shell) SUSY transformation law in the theory (see Appendix C.2.1). The equations
of motion can be derived from the Lagrangian obtained by substituting Eq. (7.46) into






a (see Appendix C.2.1). The SUSY
transformation law (C.23) and the Lagrangian (C.22) are indeed in agreement with the
N = 6, Sp(2M)×U(1) superconformal CSM theory derived from the ordinary Lie algebra
in Ref. [35].
7.4.2 N = 6, U(M)× U(N)
The Lagrangian of this theory has been constructed in Ref. [38]. For this thesis to
be self-contained, it is worth presenting the Lagrangian and SUSY transformation law of
D = 3,N = 6, U(M)× U(N) theory in this subsection.
To generate a direct gauge group such as U(M)×U(N), we split up a lower 3-algebra
index a into two indices: a → nnˆ, where n = 1, ...,M is a fundamental index of U(M),
nˆ = 1, ..., N an antifundamental index of U(N). With this decomposition, the hermitian
inner product (7.16) can be written as a trace:
X∗aYa → X∗nnˆYnnˆ = X∗tnˆnYnnˆ ≡ Tr(X†Y ), (7.48)
where the superscript “t” stands for the usual transpose. On the other hand, according to
the definition (7.16), the hermitian inner product can be also written as: X∗aYa ≡ X¯aYa,
which leads us to decompose an upper index a as a → nˆn. Thus the hermitian inner
product can be written as
X∗aYa ≡ X¯aYa → X¯ nˆnYnnˆ ≡ Tr(X¯Y ) = Tr(X†Y ). (7.49)
We then specify the 3-bracket (7.18) to be





lˆk − δ lˆmˆδkmtkˆl). (7.50)
The structure constants can be easily read off as








m − δkˆnˆδ lˆmˆδkmδln). (7.51)
It is straightforward to check that the structure constants f kˆk,lˆlmmˆ,nnˆ satisfy the FI (7.19)
and the reality conditions (7.12), and has the symmetry properties (7.20). The structure
constants are first discovered by BL [38] (though they did not write down Eq. (7.51)
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explicitly), and they are also the same as the components of an embedding tensor in Ref.
[32].
Now let us show that the 3-bracket (7.50) is indeed equivalent to Bagger and Lambert’s
3-bracket [38]. Writing X = Xkkˆt
kˆk, and Z¯ = Z¯mˆmt¯mmˆ, by Eq. (7.50), one can get
[X,Y ; Z¯] = k(XZ¯Y − Y Z¯X)nnˆtnˆn. (7.52)
The right hand side is the ordinary matrix multiplication. It is exactly the same as eqn.













≡ Aˆµkˆnˆδkn +Aµknδkˆnˆ. (7.53)
So the 3-bracket (7.52) and the FI (7.19) generate a U(M)×U(N) gauge group [38], with
Aˆµ
kˆ
nˆ the U(M) part and Aµ
k
n the U(N) part of the gauge potential. The Lie algebra
of the gauge group is the bosonic part of the super Lie algebra U(M |N). Indeed, the
super Lie algebra U(M |N) can be used to realize the 3-algebra used in this subsection
(see section 8.1).
The supersymmetry transformation law and the Lagrangian in this theory can be
obtained by substituting the expression (7.51) of the structure constants into Eqs. (7.22)






a. To make the paper self-contained, we include
the results in Appendix C.2.2. The SUSY transformation law (C.27) and the Lagrangian
(C.24) are in agreement with the D = 3,N = 6 U(M) × U(N) CSM theory, which has
been derived from the ordinary Lie algebra approach in Ref. [35] and from the 3-algebra
approach in Ref. [38].
This theory is conjectured to be the dual gauge theory of M2-branes a C4/Zk singu-
larity. If M = N , this theory becomes the well-known ABJM theory [25, 29, 30].
CHAPTER 8
N=6, 8 THEORIES IN TERMS OF THE
BOSONIC PARTS OF
SUPERALGEBRAS
In this chapter, we first try to find a super Lie algebra which can be used to realize
the hermitian 3-algebra and the Nambu 3-algebra. We then derive the ordinary Lie
algebra constructions of the N = 6, 8 theories by using the super-Lie-algebra realization
of 3-algebras.
8.1 N = 6 Theories in Terms of the Bosonic Parts of
Superalgebras
In this section, we derive the super Lie algebra used to realize the hermitian 3-algebra
and the Nambu 3-algebra by decomposing the super Lie algebra (5.2), and classify the
gauge groups of the N = 6 theories. For convenience, we cite the super Lie algebra (5.2)
used to realize the symplectic 3-algebra here:
[Mm,Mn] = CmnsM
s,
[Mm, QI ] = −τmIJωJKQK ,
{QI , QJ} = τmIJkmnMn. (8.1)
If we use the fermionic generators QI of (8.1) to realize the 3-algebra generators TI in
Eq. (7.13), i.e., TI
.
= QI , then Eq. (7.13) becomes
QI = Qaα = ωaα,bβQ
bβ = Qa2δ1α −Qa1δ2α. (8.2)
Recall that QI furnish a pseudo-real (quaternion) representation of the bosonic part
of the super Lie algebra (8.1), and we decompose this pseudo-real representation into
a complex representation and its complex conjugate representation for promoting the
N = 5 supersymmetry to N = 6. So, with the decomposition (8.2), if the fermionic
generators Qa1 furnish a complex representation of the bosonic part of (8.1), then Qa2
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must furnish a complex conjugate representation of the bosonic part of (8.1). Namely, if
we define
Qa = Qa1 and Q¯a = Q
a2, (8.3)
we must have
[Mm, Qa] = −τmabQb and [Mm, Q¯a] = τmbaQ¯b, (8.4)
where τmab are anti-hermitian, i.e.,
τ∗mab = −τmba. (8.5)
Substituting
QI = Q¯aδ1α −Qaδ2α (8.6)
into the LHS of the second equation of (8.1) gives
[Mm, Q¯aδ1α −Qaδ2α] = τmbaQ¯bδ1α + τmabQb2α. (8.7)
Comparing the RHS with the RHS of the second equation of (8.1), we obtain
τmJI = τ
mb
aδ1αδ1β − τmabδ2αδ2β. (8.8)
By (8.5), the RHS is a direct sum of τmba and its complex conjugate. So the pseudo-
real representation is indeed decomposed into a complex representation and its complex
conjugate representation. Substituting (8.6) and (8.8) into the LHS and RHS of the third
equation of (8.1), respectively, we obtain
{Q¯aδ1α −Qaδ2α, Q¯bδ1β −Qbδ2β} = −(τmbakmnMnδ1αδ2β + τmabkmnMnδ2αδ1β), (8.9)
where we have used Eq. (7.5). The anticommutators can be easily read off from the
above equation:
{Qb, Q¯a} = τmbakmnMn, {Q¯a, Q¯b} = {Qa, Qb} = 0. (8.10)




[Mm, Qa] = −τmabQb, [Mm, Q¯a] = τmbaQ¯b,
{Qa, Q¯b} = τmabkmnMn, {Q¯a, Q¯b} = {Qa, Qb} = 0. (8.11)
In this way, we rederive the above super Lie algebra by decomposing the super Lie algebra
(8.1) properly. The super Lie algebras OSp(2|2N) and U(M |N) (or its cousins SU(M |N)
and PSU(M |N)) take the form of (8.11).
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With these decompositions, the double graded commutator (see section 5.1)
[{QI , QJ}, QK ] = kmnτmIJτnKLQL (8.12)
is decomposed into two sets:
[{Qb, Q¯a}, Qc] = −kmnτmbaτncdQd, [{Qa, Q¯b}, Q¯c] = kmnτmabτndcQ¯d. (8.13)
However, their structure constants are related by a reality condition (see Eqs. (8.16) and
(8.21)). So we need only to consider the first equation. Recall that we use the the dou-
ble commutator to realize the symplectic 3-bracket, i.e., [TI , TJ ;TK ]
.
= [{QI , QJ}, QK ].
Comparing the decomposition of (8.12) with (7.17), we are led to the following equations:
[tb, tc; t¯a]
.
= [{Qb, Q¯a}, Qc] = −kmnτmbaτncdQd, (8.14)
[tb, tc; t¯a]
∗ .= −[{Qa, Q¯b}, Q¯c] = −kmnτmabτndcQ¯d. (8.15)
where the LHS of the first equation is the 3-bracket of the hermitian 3-algebra, and ta
are the generators of the hermitian 3-algebra (see section 7.1). The structure constants
can be read off immediately:
f bcad = −kmnτmbaτncd. (8.16)
It is straightforward to verify that the above tensor product is a solution of the FI (7.19)
of the hermitian 3-algebra (for convenience, we cite it here):
ffcdgf
ag
eb − faf gbfgcde + f cf egfagdb − facgbfgf ed = 0. (8.17)
The solution (8.16) is first discovered by BL [38], using a different approach. Similarly,
the QIQJQK Jacobi identity is decomposed into two sets: the Q
bQcQ¯a Jacobi identity
and the Q¯bQ¯cQ
a Jacobi identity. Let us examine the QbQcQ¯a Jacobi identity:
[{Qb, Q¯a}, Qc] + [{Q¯aQc}, Qb] + [{Qc, Qb}, Q¯a] = 0. (8.18)










d = 0. (8.19)
Namely, the structure constants f bcad are antisymmetric in the first two indices and in
the last two indices:
f bcad = −f cbad = f cbda. (8.20)
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Also, the reality condition (8.5) implies that the structure constants satisfy the reality
condition:
f∗abcd = f cdab. (8.21)
Eqs (8.20) and (8.21) are nothing but Eqs (7.20) and (7.12), respectively.
Here we would like to demonstrate that the FI (8.17), satisfied by the structure
constants, is equivalent to the MMQ or MMQ¯ Jacobi identity of the super Lie algebra
(8.11). With Eq. (8.6), the FI (5.6) is decomposed into eight sets; one of them reads
[{Q¯a, Qb}, [{Q¯e, Qf}, Qc]] (8.22)
= [{[{Q¯a, Qb}Q¯e], Qf}, Qc] + [{Q¯e, [{Q¯a, Qb}, Qf ]}, Qc] + [{Q¯e, Qf}, [{Q¯a, Qb}, Qc]].
Substituting (8.13) into this equation shows that it precisely coincides with the FI (8.17).
The rest (seven) sets can be also converted into the FI (8.17). So it is sufficient to examine
Eq. (8.22). On the other hand, by using the super Lie algebra (8.11), one can convert




c]]− [Mm, [Mn, Qc]] + [[Mm,Mn], Qc]) = 0, (8.23)
which is the MMQ Jacobi identity of the super Lie algebra (8.11). One can also derive
the above equation by decomposing Eq. (5.7). With Qc replaced by Q¯c, Eq. (8.22)
becomes another set FI decomposed from (5.6). It can be converted into MMQ¯ Jacobi
identity of (8.11). Therefore, the FI (8.17) is indeed equivalent to the MMQ or MMQ¯
Jacobi identity of the super Lie algebra (8.11).
For a more mathematical approach, see Ref. [37, 42, 46], in which the relations
between the hermitian 3-algebras and Lie superalgebras are discussed by using Lie algebra
representation theories.
Substituting Eq. (8.16) into the Lagrangian (7.21) and the SUSY law (7.22) gives the
ordinary Lie algebra constructions of the N = 6 theories. The bosonic parts of the super
Lie algebras OSp(2|2N) and U(M |N) (or its cousins SU(M |N) and PSU(M |N)) can be
selected as the Lie algebras of the gauge groups of the N = 6 theories (see (8.11)). In
particular, if the super Lie algebra is PSU(2|2), then (8.14) becomes the Nambu bracket,
and the N = 6 supersymmetry gets enhanced to N = 8. This will be the topic of the
next section.
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8.2 N = 8 Theory in Terms of the Bosonic
Part of PSU(2|2)
In section (7.2), we have realized the Nambu 3-algebra in terms of a set of SU(2) ×
SU(2) σ-matrices. In this section, we show explicitly that the Nambu 3-algebra can be



















{Qαα˙, Q¯β˙β} = δβ˙ α˙Mαβ + δαβMβ˙ α˙, (8.24)
{Qαα˙, Qββ˙} = 0,
where α, β˙ = 1, 2 are SU(2)×SU(2) indices. We use the antisymmetric matrix αβ (α˙β˙)
to lower undotted (dotted) indices. Define the SU(2)× SU(2) σ-matrices as (see section
7.2):
σaα





(σaσb† − σbσa†)αβ, σ¯abα˙β˙ = 1
4
(σa†σb − σb†σa)α˙β˙, (8.25)



























After some work, we obtain
[tb, tc; t¯a]
.
= [{Qb, Q¯a}, Qc] = 1
2
εbcadQd. (8.28)
Namely, the double graded commutator is indeed a realization of the Nambu 3-bracket.
Also, the FI satisfied by the Nambu 3-bracket is equivalent to the MMQ Jacobi identity of
(8.24), as we proved in the last section. Therefore the Nambu 3-algebra is realized in terms
of the super Lie algebra PSU(2|2). Hence the bosonic part of PSU(2|2), SU(2)×SU(2) ∼=
SO(4), is the Lie algebra of the gauge group of the N = 8 BLG theory. And the
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matter fields are in the bifundamental representation of SU(2) × SU(2) or the vector
representation of SO(4). The same theory is obtained in Ref. [34] by promoting the
N = 4 supersymmetry to N = 8.
Eq. (8.28) may be counterintuitive at first sigh, since the anticommutator satisfies
{Qb, Q¯a} = {Q¯a, Qb}, i.e., it seems that it is symmetric in ab. However, there is no clash
with fact that (8.28) is antisymmetric in ab if we notice that
{Qb, Q¯a} = 1
4
εbacdMcd = −{Qa, Q¯b} = {Q¯a, Qb}, (8.29)
namely, the last two anticommutators are different.
It is well known that the Nambu 3-bracket is difficult to quantize [12, 13]. However,
if we promote the fermionic and bosonic generators of (8.24) as quantum mechanical
operators, and promote (8.28) as a quantum mechanical double graded commutator, our
approach may provide a quantization scheme for the Nambu 3-bracket. Similarly, the




In this thesis, we have combined the symplectic 3-algebra with the superspace formal-
ism by letting the matter superfields take values in the symplectic 3-algebra. Based on
the 3-algebra, we then have constructed the general N = 5 CMS theory by enhancing
the N = 1 supersymmetry to N = 5. The N = 5 Lagrangian is same as the one derived
with an on-shell approach [40].
We have constructed the general N = 4 CSM theory by decomposing one N = 5
multiplet into a N = 4 untwisted hypermultiplet and a N = 4 twisted hypermultiplet,
and then proposing a new superpotential. In deriving the general N = 4 CSM theory, we
have also decomposed the set of 3-algebra generators into two sets of 3-algebra generators.
As a result, both the FIs and 3-brackets are decomposed into 4 sets. The resulting general
N = 4 CSM theory is a quiver gauge theory based on the 3-algebra. We have also
examined the closure of the N = 4 algebra.
We then have realized the symplectic 3-algebra in terms of the super Lie algebra
(5.2). The 3-bracket is realized in terms of a double graded bracket: [TI , TJ ;TK ]
.
=
[{QI , QJ}, QK ], where QI are the fermionic generators; the structure constants of the





KL. The fundamental identity of the 3-algebra is equivalent to the MMQ Jacobi
identity of the super Lie algebra, where Ms are the bosonic generators in the super Lie
algebra. The linear constraint equation f(IJK)L = 0, required by the enhancement of the
supersymmetry, is equivalent to the QQQ Jacobi identity.
We have constructed a new super Lie algebra by requiring that the bosonic subalgebras
of two simple super Lie algebras share one simple factor. The bosonic part of this new
super algebra can be selected as the Lie algebra of the N = 4 quiver gauge theory.
We have demonstrated how to ‘fuse’ two simple super Lie algebras into single one, by
constructing an explicit example of this new super Lie algebra.
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We have also analyzed the relations between the symplectic 3-algebra and the ordinary
Lie algebra. The fundamental identity of 3-algebra can be solved in terms of a tensor




KL. We have proved that the structure constants fIJKL furnish
a quaternion representation of the bosonic part of the super Lie algebra (5.2), and fIJKL
also play a role of Killing-Cartan metric. We found that the FI of the 3-algebra can be
converted into an ordinary commutator (5.19); the structure constants of the commutator
are (5.21). The FI of the 3-algebra can be understood as the statement that the structure
constants of the commutator (5.21) are total antisymmetric (see Eqs. (5.22)).
We have proved that the components of an embedding tensor [31, 32], used to construct
the D = 3 extended supergravity theories, are just the structure constants of the 3-
algebra. Hence the concepts and techniques of the 3-algebra may be used to construct
new D = 3 extended supergravity theories.
We have succeeded in enhancing the N = 5 supersymmetry to N = 6 by decomposing
the sympelctic 3-algebra and the fields properly. At the same time, we also demonstrate
that the FI and the symmetry and reality properties of the structure constants of the
N = 6 hermitian 3-algebra can be derived from the N = 5 (symplectic) counterparts. In
the particular case of fabcd ∝ εabcd, the N = 6 supersymmetry is promoted to N = 8,
hence the N = 6 theory becomes the N = 8 BLG theory.
We have shown that the (N = 6) hermitian 3-algebra and the Nambu algebra can be
also realized in terms of super Lie algebras, and introduced a scheme for quantizing the
3-brackets.
The general N = 5, 6, 8 CSM theories in terms of ordinary Lie algebras are rederived.
We have been able to derive all knownN = 4, 5, 6, 8 superconformal Chern-Simons matter
theories, as well as some new N = 4 quiver gauge theories. Thus our superspace for-
mulation for the super-Lie-algebra realization of symplectic 3-algebras provides a unified
framework of all known N = 4, 5, 6, 8 CSM theories, including new examples of N = 4
quiver gauge theories as well. It would be nice to investigate the physical significance of
this unified framework.
It would be nice to redrive them by brane constructions, and to find out their gravity
duals. (Most of them are not found yet.) It would also be very interesting to investigate
the integrability of these theories.
The ‘fused’ super Lie algebra might be independently interesting in its own right. It
would be nice to investigate its structure in detail.
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The ‘meshy’ quiver diagram (6.26) is just a special example. It would be nice to work












For the metric we use the (−,+,+) convention. The gamma matrices in the Majorana
representation can be defined in terms of Pauli matrices: (γµ)α








We also define εµνλ = −εµνλ. So εµνλερνλ = −2δµρ. We raise and lower spinor indices
with an antisymmetric matrix αβ = −αβ, with 12 = −1. For example, ψα = αβψβ
and γµαβ = βγ(γ
µ)α
γ , where ψβ is a Majorana spinor. Notice that γ
µ
αβ = (I,−σ3, σ1) are
symmetric in αβ. A vector can be represented by a symmetric bispinor and vice versa:
Aαβ = Aµγ
µ




We use the following spinor summation convention:
ψχ = ψαχα, ψγµχ = ψ
α(γµ)α
βχβ, (A.4)

























A.2 The N = 1 Superspace
In this subsection, we mainly follow the conventions of Ref. [35]. We denote the
superspace coordinates as θα. A real scalar superfield Φ can be expanded as
Φ = φ+ iθψ − i
2
θ2F, (A.6)
where θ and ψ are Majorana spinors. The superalgebra
{Qα, Qβ} = −2γµαβPµ (A.7)
can be realized in terms of superspace derivatives:
Qα = i∂α + θ
β∂βα. (A.8)
The supercovariant derivative must anticommute with Qα; it takes the following form:
Dα = ∂α + iθ
β∂βα. (A.9)
The supersymmetry transformation of Φ is defined as
δΦ = −iαQαΦ ≡ δφ+ iθδψ − i
2
θ2δF. (A.10)
Equating powers of θα gives the supersymmetry transformations of the component fields:
δφ = iαψα, (A.11)
δψα = −∂αβφβ − Fα, (A.12)
δF = iα∂α
βψβ. (A.13)




and the supersymmetry transformations for the component fields are






The Berezin integral is defined as ∫
d2θθ2 = −4. (A.17)




d2θW (Φ) = − i
2
W ′′(φ)ψ2 −W ′(φ)F. (A.18)
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A.3 SU(2)× SU(2) Identities
We define the 4 sigma matrices as
σaA
B˙ = (σ1, σ2, σ3, iI), (A.19)
by which one can establish a connection between the SU(2) × SU(2) and SO(4) group.













We use antisymmetric matrices











to raise or lower undotted and dotted indices, respectively. For example, σa†A˙B =
A˙B˙σa†B˙
B and σaBA˙ = BCσaC
A˙. The sigma matrix σa satisfies a reality condition
σa†A˙
B = −BCA˙B˙σaCB˙, or σa†A˙B = −σaBA˙. (A.23)
The antisymmetric matrix AB satisfies an important identity
AB
CD = −(δACδBD − δADδBC), (A.24)
and A˙B˙ satisfies a similar identity.
Define
σAB˙ ≡ caσaAB˙ and caca = 1, (A.25)
where ca are real coefficients, then the following identity holds
σAC˙σBD˙ − σAD˙σBC˙ = ABC˙D˙. (A.26)
This identity is useful when we construct the N = 4 theory. Define the parameter for
the N = 4 supersymmetry transformations as AB˙ = aσaAB˙. The following identities





B − AC˙2 †1C˙
B) ≡ uAB = uBA, (A.27)
i(†A˙C1 2C






























A.4 Sp(4) ∼= SO(5) Identities
In this subsection, in order to avoid introducing too many indices into the theory, we
still use the capital letters A,B, · · · to label the Sp(4) indices. However, now the index
A runs from 1 to 4. (In section A.3, the indices A and B˙ run from 1 to 2.) We hope this
does not cause any confusion.
Since Sp(4) ∼= SO(5), it is useful to introduce the SO(5) gamma matrices. We define










where σa are defined by (A.19). Notice that γmA








We use an antisymmetric matrix ωAB = −ωAB to lower and raise indices; for instance
γmAB = ωACγmC
B. (A.30)







(Recall that A and B˙ of the RHS run from 1 to 2.)
By the definition (A.28) and the convention (A.30), the gamma matrix γm is anti-
symmetric and traceless, and satisfies a reality condition
γmAB = −γmBA , γmA A = 0 and γm∗AB = γmAB = ωACωBDγmCD. (A.32)
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There are two useful Sp(4) identities [35]:








= 3(−δD[AωEFωBC] + δE[AωDFωBC] − δF[AωDEωBC]).
The following identities are useful in checking the closure of the N = 5 superalgebra:
¯AC1 2C







1 γν2BC − ¯AC2 γν1BC (A.37)
2¯AC1 2BD − 2¯AC2 1BD = ¯CE1 2DEδAB − ¯CE2 1DEδAB
− ¯AE1 2DEδCB + ¯AE2 1DEδCB
+ ¯AE1 2BEδ
C
D − ¯AE2 1BEδCD (A.38)





1 γµ2EF = ¯1ABγµ2CD − ¯2ABγµ1CD
+ ¯1ADγµ2BC − ¯2ADγµ1BC (A.39)
− ¯1BDγµ2AC + ¯2BDγµ1AC
εABCD = −ωABωCD + ωACωBD − ωADωBC . (A.40)
The Sp(4) indices can lowered and raised by the antisymmetric metric ωAB and its inverse
ωAB.
A.5 SU(4) ∼= SO(6) Identities








1 γν2BC − ¯AC2 γν1BC
2¯AC1 2BD − 2¯AC2 1BD = ¯CE1 2DEδAB − ¯CE2 1DEδAB
− ¯AE1 2DEδCB + ¯AE2 1DEδCB
+ ¯AE1 2BEδ
C
D − ¯AE2 1BEδCD (A.41)





1 γµ2EF = ¯1ABγµ2CD − ¯2ABγµ1CD
+ ¯1ADγµ2BC − ¯2ADγµ1BC (A.42)
− ¯1BDγµ2AC + ¯2BDγµ1AC .
APPENDIX B
VERIFICATION OF SP (4) GLOBAL
SYMMETRY OF THE N = 5
BOSONIC POTENTIAL
In this section we will prove that the bosonic potential (3.36) has an Sp(4) global





LMN (−ωACωBEωDF + 2ωACγBEγDF
+2ωDFγACγBE − 4ωBEγACγDF )ZIAZJBZKC ZLDZME ZNF . (B.1)
It can be seen that the first term is manifestly Sp(4) invariant. So we need only to


















(P1 − P2). (B.2)
On the other hand, by using the constraint condition f(IJK)O = 0 (see (3.31)) and the FI














(P1 − P2 + P3 − P4). (B.3)
Comparing (B.2) with (B.3) gives
P1 − P2 = P3 − P4. (B.4)
We observe that 2P2 + P4 is an Sp(4) invariant quantity:
2P2 + P4 = (2ω
































In the second line we have used the key identity (3.22). By using the second line of (3.22),
i.e., εABCD = −ωABωCD + ωACωBD − ωADωBC , we find that I can be written as







On the other hand, substituting the first line of (3.22) (−εABCD = γACγBD−γBCγAD +
γBAγCD) into the RHS of (B.6), we obtain
−I = 4P1 − 2P2 + P3. (B.7)
Combining (B.4), (B.5) and (B.7), we find that
P1 − P2 = −2
5
I. (B.8)
Substituting the above equation into Eq. (B.2), we reach the desired result:
−V ′ = − 4
45
I. (B.9)
Recall that we denote the last three terms of (B.1) as −V ′, so the bosonic potential (B.1)





OfOLMN − 9fKLIOfONMJ + 2fIJLOfOKMN )ZNA ZAIZJBZBKZLCZCM .
(B.10)
APPENDIX C
SOME EXPLICIT EXAMPLES OF N = 5, 6
THEORIES
C.1 N = 5, Sp(2N)×O(M) CSM theory
To generate a direct product gauge group, such as Sp(2N)×O(M), we first split one
3-algebra index into two indices: I → kkˆ. As a result, a 3-algebra valued field becomes
ZIA → ZkkˆA . We also decompose the antisymmetric tensor as ωIJ → ωkˆlˆδkl, where ωkˆlˆ
is antisymmetric, and require ZkkˆA to be valued in the bifundamental representation of
Sp(2N)×O(M). (Here k, l = 1, · · · ,M are the O(M) indices while kˆ, lˆ = 1, · · · , 2N the
Sp(2N) indices.) With this decomposition of ωIJ , we can rewrite the reality condition as
Z†A
kˆk
≡ ωABωkˆlˆδklZ llˆB, (C.1)
and similar conditions for the fermion and gauge fields. Consequently, the hermitian



















We then specify the 3-brackets as follows:
[Tkkˆ, Tllˆ;Tmmˆ] = k(δklωkˆmˆTmlˆ + δklωlˆmˆTmkˆ − δkmωkˆlˆTlmˆ + δlmωkˆlˆTkmˆ). (C.4)
Of course, if we realize the generators of the 3-algebra Tkkˆ as the fermionic generators
of the super Lie algebra OSp(M |2N), i.e., Tkkˆ
.
= Qkkˆ, then the 3-bracket is realized in
terms of the double graded bracket:
[Tkkˆ, Tllˆ;Tmmˆ]
.
= [{Qkkˆ, Qllˆ}, Qmmˆ] (C.5)
= k(δklωkˆmˆQmlˆ + δklωlˆmˆQmkˆ − δkmωkˆlˆQlmˆ + δlmωkˆlˆQkmˆ).
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The overall coefficient k on the right-hand side of Eq. (C.4) is assumed to be a real
constant. It is straightforward to verify that the 3-brackets satisfy the FI (2.6) and the
constraints (2.17). The corresponding structure constants are
fkˆk,lˆl,mˆm,nˆn = k[(δkmδln − δknδlm)ωkˆlˆωmˆnˆ − δklδmn(ωkˆmˆωlˆnˆ + ωkˆnˆωlˆmˆ)]. (C.6)
It is not hard to check that the structure constants have the symmetry properties (2.18),
and satisfy the reality condition (2.15). With this choice of structure constants, the gauge









= −(Aµnˆllmˆ +Aµlmˆnˆl)δmn + (Aµlˆnmlˆ +Aµmlˆlˆn)δmˆnˆ
≡ −(Aµnˆmˆ +Aµmˆnˆ)δmn + (−Bµnm +Bµmn)δmˆnˆ
≡ Aˆµmˆnˆδmn +Aµmnδmˆnˆ. (C.7)
It is easy to see that Aˆµ
mˆ
nˆ is the Sp(2N) part of the gauge potential, because it can be




nˆ is the fundamental representation of the ordinary
Lie algebra Sp(2N). Similarly, we can identify Aµ
m
n as the O(M) part of the gauge
potential. As we explained in [39], the Lie algebra of the gauge group Sp(2N)×O(M) is
actually generated by the FI (2.6) after we specify the structure constants by Eq. (C.6).
We would like to derive the N = 5, Sp(2N)×O(M) Lagrangian and the corresponding
supersymmetry transformation law in the 3-algebraic framework. With the notation




†ADµZA − iψ¯†ADµγµψA). (C.8)
With the choice of the structure constants (C.6), we learn that
fIJKLX
IY JZKWL = −kTr(XY†ZW† + YX†ZW† − ZX†YW† − ZY†XW†). (C.9)









†BψA − ψ¯AZ†BZBψ†A − 2ψ¯†AZBZ†AψB + 2ψ¯AZ†BZAψ†B),
where we have used the following Sp(4) identity:
εABCD = −ωABωCD + ωACωBD − ωADωBC . (C.11)
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AˆµAˆνAˆλ −Aµ∂νAλ − 2
3
AµAνAλ). (C.13)
Finally we want to calculate the potential terms in the Lagrangian (3.38). By using




B][ZC , ZA;ZC ]








(ωAFωBEωCD − 2ωAFωBCωDE + 2ωACωBFωDE − ωAEωBFωCD
+ωACωBEωDF − ωAEωBCωDF )Tr(ZBZ†DZAZ†CZEZ†F ). (C.15)
The first term becomes
k2
30
(2ωADωBEωCF + 4ωABωCFωDE − 2ωAEωBDωCF + ωADωBCωEF
−2ωABωCDωEF − ωACωBDωEF + ωADωBFωCE + 2ωABωCEωDF
−ωAFωBDωCE)Tr(ZBZ†DZAZ†CZEZ†F ). (C.16)
Clearly, they can be simplified further. Taking account of the cyclic property of the trace,
there are only four possible potential terms:
(c1ωADωBEωCF + c2ωBDωCEωAF + c3ωADωCEωBF + c4ωCDωAEωBF )
×Tr(ZAZ†DZBZ†EZCZ†F ), (C.17)






†AZBZ†BZCZ†C + ZAZ†BZBZ†CZCZ†A). (C.18)
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= 3(−δD[AωEFωBC] + δE[AωDFωBC] − δF[AωDEωBC]).
























†AZBZ†BZCZ†C + ZAZ†BZBZ†CZCZ†A), (C.20)




























δAˆµ = −ik¯ABγµ(ψ†BZA + Z†AψB). (C.21)
The N = 5, Sp(2N) × O(M) Lagrangian (C.20) and the supersymmetry transformation
law (C.21) are in agreement with those given in Ref. [35], which were derived in terms
of ordinary Lie algebra. This theory has been conjectured to be the dual gauge theory of
M2 branes probing a C4/Dˆk singularity, where Dˆk is the binary dihedral group [35, 36].
C.2 SUSY Transformation Law and Lagrangian
in D = 3, N = 6 CSM Theories
For this thesis to be self contained, below we give the explicit form of the SUSY
transformation law and the Lagrangian for the D = 3,N = 6 CSM theories with SU(4)
R-symmetry. For the notations, see subsections 7.4.1 and 7.4.2.
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C.2.1 Sp(2N)× U(1) CSM Theory
The Lagrangian of the theory is given by
L = −DµZ¯aADµZAa − iψ¯AaγµDµψAa
+ik(Z¯bBψ¯Abψ
AaZBa − Z¯bBZBb ψ¯AaψAa − Z¯cBωcdψ¯AdψAaωabZBb ) (C.22)


























































d AB − kZCa ωabZAb ωdcZ¯cCAB − kZCa ωabZDb ωdcZ¯cBCD




AB − kZ¯aCωabZ¯bAωdcZCc AB − kZ¯aCωabZ¯bDωdcZBc CD
−kZ¯aCZCa Z¯dAAB + kZ¯aAZCa Z¯dCAB − 2kZ¯aCZBa Z¯dDCD









Bc − ik¯ABγµZ¯cAψBd. (C.23)
C.2.2 U(M)× U(N) CSM Theory
The Lagrangian of the theory is given by
L = −Tr(DµZ¯ADµZA)− iTr(ψ¯AγµDµψA)− V + LCS
−ikTr(ψ¯AψAZ¯BZB − ψ¯AZBZ¯BψA)
+2ikTr(ψ¯AψBZ¯AZ




The Lagrangian (C.24) is the same obtained by BL [38], except for that we re-scale the
































The N = 6 SUSY transformation laws, which are closed on-shell with the equations







A − ZAZ¯CZC)AB + 2kZCZ¯BZDCD
δψ¯B = γµDµZ¯A
AB + k(Z¯AZ
CZ¯C − Z¯CZCZ¯A)AB + 2kZ¯DZBZ¯CCD
δAˆµ = −ik¯ABγµψ¯BZA + ik¯ABγµZ¯AψB
δAµ = ik¯ABγµZ
Aψ¯B − ik¯ABγµψBZ¯A. (C.27)
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